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A Multiobjective Simplex Method

An MOLP with two objectives can be conveniently solved using the paramet-

ric Simplex method presented in Algorithm 6.2. With three or more objec-

tives, however, this is no longer possible because we deal with at least two

parameters in the objective function c(λ).

7.1 Algebra of Multiobjective Linear Programming

In this section we consider the general MOLP

min Cx

subject to Ax = b

x � 0.

(7.1)

For λ ∈ Rp
> we denote by LP(λ) the weighted sum linear program

min
{
λT Cx : Ax = b, x � 0

}
. (7.2)

We use the notation C̄ = C − CBA−1
B A for the reduced cost matrix with

respect to basis B and R := C̄N for the nonbasic part of the reduced cost

matrix. Note that C̄B = 0 according to (6.15) and is therefore uninterest-

ing. Proofs in this section will make use of Theorem 6.11. These results are

multicriteria analogies of well known linear programming results, or necessary

extensions to cope with the increased complexity of multiobjective compared

to single objective linear programming.

Lemma 7.1. If XE 	= ∅ then X has an efficient basic feasible solution.

Proof. By Theorem 6.11 there is some λ ∈ Rp
> such that minx∈X λT Cx has

an optimal solution. But by Theorem 6.13 the LP(λ) minx∈X λT Cx has a

optimal basic feasible solution solution, which is an efficient solution of the

MOLP by Theorem 6.6. ��
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Lemma 7.1 justifies the definition of an efficient basis.

Definition 7.2. A feasible basis B is called efficient basis if B is an optimal

basis of LP(λ) for some λ ∈ Rp
>.

We now look at pivoting among efficient bases. We say that a pivot is a

feasible pivot if the solution obtained after the pivot step is feasible, even if

the pivot element Ãrs < 0.

Definition 7.3. Two bases B and B̂ are called adjacent if one can be obtained

from the other by a single pivot step.

Definition 7.4. 1. Let B be an efficient basis. Variable xj , j ∈ N is called

efficient nonbasic variable at B if there exists a λ ∈ Rp
> such that λT R � 0

and λT rj = 0, where rj is the column of R corresponding to variable xj .

2. Let B be an efficient basis and let xj be an efficient nonbasic variable. Then

a feasible pivot from B with xj entering the basis is called an efficient pivot

with respect to B and xj.

The system λT R � 0, λT rj = 0 is the general form of the equations we

used to compute the critical λ values in parametric linear programming that

were used to derive (6.23): We chose s such that c̄(λ) ≥ 0, c̄(λ)s = 0.

Proposition 7.5. Let B be an efficient basis. There exists an efficient non-

basic variable at B.

Proof. Because B is an efficient basis there exists λ > 0 such that λT R � 0.

Thus the set L := {λ > 0 : λT R � 0} is not empty. We have to show that

there is λ ∈ L and j ∈ N such that λT rj = 0.

First we observe that there is no column r of R such that r ≤ 0. There

also must be at least one column with positive and negative elements, because

of the general assumption (6.2). Now let λ∗ ∈ L. In particular λ∗T � 0. Let

λ′ ∈ Rp
> be such that I := {i ∈ N : λ′T rj < 0} 	= ∅. Such a λ must exist,

because R contains at least one negative entry.

We define φ : R → R|N | by

φi(t) := (tλ∗T + (1 − t)λ′T )ri, i ∈ N .

Thus, φ(0) = λ′T R and φ(1) = λ∗T R � 0. For each i ∈ N \ I we have that

φi(t) ≥ 0 for all t ∈ [0, 1]. For all i ∈ I there exists some ti ∈ [0, 1] such that

φi(t)

⎧⎨
⎩

< 0, t ∈ [0, ti)

= 0, t = ti
≥ 0, t ∈ [ti, 1].

With t∗ := max{ti : i ∈ I} we have that φi(t
∗) � 0 and φi(t

∗) = 0 for some

i ∈ I. Thus λ̂ := tλ∗ + (1 − t)λ′ ∈ L and the proof is complete. ��


