
THE ELEMENTARY PROOF OF THE PRIME NUMBER THEOREM:
AN HISTORICAL PERSPECTIVE

(by D. Goldfeld)

T he study of the distribution of prime numbers has fascinated m athematicians since
antiquity. It is onl y in modern times , however , that a precise asympt ot ic law for t he number
of primes in arbitrarily long inte rvals has be en obtained. For a real number x> 1, let 7l"(x)
denot e the number of primes less than x. The prime number theorem is the assertion t h a t

lim 7l"(x) / -1x( ) = 1.
x~oo og 1:

T his theorem was conject ured indep endently by Legendre and Gau ss .
T he app roximat ion

X

7l"( x ) = ---CA--'--lo-g-:-(x---C)-+- B-'-

was formulated by Legendre in 1798 [LeI] and mad e more precise in [Le2] wher e he
provided the values A = 1, B = - 1.08366. On Au gust 4, 1823 (see [LaL], page 6) Abel ,
in a letter to Holmboc , characterizes t he prime number theor em (referring to Legendre) as
perh aps the most re markable theor em in all mathematics.

Gauss, in his well kn own letter to the as t ronomer E ncke, (see [LaL], page 37) written
on Chr istmas eve 1849 remarks that his at te nt ion to the problem of finding an asymptotic
formula for 7l"(x) dates back to 1792 or 1793 (wh en he was fifteen or sixt een ), and at
that time not iced that the density of primes in a chili ad (i.e. [x,x + 1000]) decreas ed
approximately as 1j logex ) leading to the approximat ion

t" dt
7l" (x ) ~ Li( x) = J2 log(t)"

The rem arkable part is the continuation of this letter , in whi ch he said (referring to
Legendre 's log (x t A ( x ) approximation an d Legendre's value A(x) = 1.08366) t hat whether
th e quantity A (x ) tends to 1 or to a limit close to 1, he does not dare conject ure.

The first paper in which some thing was proved at all regarding t he asym pt ot ic dis­
tribution of primes was Tchebychef 's first memoir ([Tchl]) which was read before the
Imperi al Academy of St. Petersburg in 1848. In that paper Tchebychef proved that if a ny
approxima tio n to 7l"(x ) held to order xj log(x )N (with some fixed large positive integer N)
t hcn that approxima t ion had to be Li( x) . It followed from this that Legendre's conjecture
that lilTI A(x) = 1.083 66 was false, and that if the limit existed it had to be 1.

Thefirst person to show that 7l"(x) has the order of magnitude lo:Cx) was Tchebychef
in 1852 [Tch2] . His argume nt was entirely elementary and made use of properties of
fact orials. It is easy to see that the highest power of a prime p which divides x ! (we
assume x is an integer) is simply
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where [tl denot es the greates t. integer less than or eq ua l t.o I. It immediately follows t.hat

x ! = IT plx/pl+lx/1? J+"

P::O X

a nd

log(x !) = ~ ([~] + [;2] + [;] + ...) log(p ).

Now log(:r!) is asympto tic to J ; log'(,r) by St irling' s asymptot.ic formula , a nd, since squares .
cubes, ... of primes are eompa ra t ivelv rar e, and [;r /p] is a lmost th e sallie as x [p , one may
eas ily infer th at

'" log(p)x L.J - - = x log (x ) + O (J:)
P::OX p

from which one can deduce t hat rr(x ) is of order log( x) . T his was essentially the method of

T chebychef', who actually proved th at [Tch2]

for all sufficiently large numbers x, where

B = log 2 + log3 + log 5 _ log 30 "" 0.92 129
2 3 5 30

a nd
6B
5 "" 1.10555.

Unfor t.una tely, however , he was un able to prove t he prime number theorem itself thi s way,
a nd the ques ti on remai ned as to whether an element ary pr oof of t he prime number theo rem
could be foun d .

Over t he years t here wer e var ious improvements on T chebychef''a boun d , and in 1892
Sylvester [Syll], [SyI2] was able to show that.

0.956 < rr(x )/ lo~x) < 1.045

for all su fficiently large x . We quote from Harold Di amon d 's excellent survey article [D] :

The ap proac h of Sy lvester was ad hoc and computationa lly complex; it offered
no hope of leading t o a proof of the P.N .T. Ind eed , Sy lves t.er concluded in his
ar ti cle with the lamen t t ha t "...we shall probably have to wait [for a proof of
t he P .N. T . ] until someone is bo rn into the world so far sur passing T chebychef
in insight an d pen et ra ti on as T chebychef has pr oved himself sup erior in these
qualit ies to the ordinary run of mankind ."


