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Abstract. It is well known that many computational problems are, in
general, not algorithmically solvable: e.g., it is not possible to algorith-
mically decide whether two computable real numbers are equal, and it
is not possible to compute the roots of a computable function. We pro-
pose to constraint such operations to certain “sets of typical elements”
or “sets of random elements”.

In our previous papers, we proposed (and analyzed) physics-motivated
definitions for these notions. In short, a set T is a set of typical elements if
for every definable sequences of sets A,, with A, D An41 and (An =0,

n
there exists an N for which Ax NT = (J; the definition of a set of random
elements with respect to a probability measure P is similar, with the
condition (| A, = 0 replaced by a more general condition lim P(A,) = 0.

n
In this paper, we show that if we restrict computations to such typical

or random elements, then problems which are non-computable in the
general case — like comparing real numbers or finding the roots of a
computable function — become computable.
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Physically Meaningful Computations with Real Numbers: A Brief Reminder. In
practice, many quantities such as weight, speed, etc., are characterized by real
numbers. To get information about the corresponding value z, we perform mea-
surements. Measurements are never absolute accurate. As a result of each mea-
surement, we get a measurement result z; for each measurement, we usually

also know the upper bound A on the (absolute value of) the measurement error

A7 - |z — 7| < A.

To fully characterize a value x, we must measure it with a higher and higher
accuracy. As a result, when we perform measurements with accuracy 2" with
n=0,1,..., we get a sequence of rational numbers r,, for which |z —r,| <27".
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From the algorithmic viewpoint, we can view this sequence as an oracle that,
given an integer n, returns a rational number r,,. Such sequences represent real
numbers in computable analysis; see, e.g., [9, 10].

First Negative Result. In computable analysis, several negative results are
known. For example, it is known that no algorithm is possible that, given two
numbers x and y, would check whether these numbers are equal or not.

Computable Functions and Relative Negative Results. Similarly, we can define a
function f(z) from real numbers to real numbers as a mapping that, given an
integer n, a rational number x,, and its accuracy m, produces either a message
that this information is insufficient, or a rational number y,, which is 2~ "™-close to
all the values f(z) for d(z, z,,) < 2™ — and for which, for every z and for each
desired accuracy n, there is an m for which a rational number y,, is produced.
We can also define a computable function f(x1,...,zx) of several real variables
(and, even more generally, a function on a computable compact).

Several negative results are known about computable functions as well. For
example,

— while there is an algorithm that, given a function f(x) on a computable
compact set K (e.g., on a box [z, 21] X...X [z, z)] in k-dimensional space),
produces the values max{f(z): z € K},

— no algorithm is possible that would always return a point x at which this
maximum is attained (and similarly, with minimum).

From the Physicists’ Viewpoint, These Negative Results Seem Rather Theoreti-
cal. From the purely mathematical viewpoint, if two quantities coincide up to
13 digits, they may still turn to be different: for example, they may be 1 and
1+ 10719,

However, in the physics practice, if two quantities coincide up to a very high
accuracy, it is a good indication that they are actually equal. This is how physical
theories are confirmed: if an experimentally observed value of a quantity turned
out to be very close to the value predicted based on a theory, this means that
this theory is (triumphantly) true. This is, for example, how General Relativity
has been confirmed.

This is how discoveries are often made: for example, when it turned out the
speed of the waves described by Maxwell equations of electrodynamics is very
close to the observed speed of light ¢, this led physicists to realize that light is
formed of electromagnetic waves.

How Physicists Argue. A typical physicist argument is that while numbers like
1410719 (or ¢- (1+107199)) are, in principle, possible, they are abnormal (not
typical).

When a physicist argues that second order terms like a - Az? of the Taylor
expansion can be ignored in some approximate computations because Az is
small, the argument is that



