
Chapter 10

Difference equations

10.1 xt = atxt−1 + bt, t = 1, 2, . . .
A first-order linear
difference equation.

10.2 xt =
( t∏
s=1

as

)
x0 +

t∑
k=1

( t∏
s=k+1

as

)
bk

The solution of (10.1) if
we define the “empty”
product

∏t

s=t+1 as as 1.

10.3 xt = atx0 +
t∑

k=1

at−kbk, t = 1, 2, . . .
The solution of (10.1)
when at = a, a constant.

10.4
• xt = Aat +

∞∑
s=0

asbt−s, |a| < 1

• xt = Aat −
∞∑

s=1

(
1
a

)s

bt+s, |a| > 1

The backward and for-
ward solutions of (10.1),
respectively, with at = a,
and with A as an arbi-
trary constant.

10.5 xt = axt−1 + b ⇔ xt = at
(
x0 − b

1− a

)
+

b

1− a

Equation (10.1) and its
solution when
at = a �= 1, bt = b.

10.6
(∗) xt + a1(t)xt−1 + · · ·+ an(t)xt−n = bt

(∗∗) xt + a1(t)xt−1 + · · ·+ an(t)xt−n = 0

(∗) is the general linear
inhomogeneous difference
equation of order n, and
(∗∗) is the associated
homogeneous equation.

10.7

If u1(t), . . . , un(t) are linearly independent solu-
tions of (10.6) (∗∗), u∗

t is some particular solu-
tion of (10.6) (∗), and C1, . . . , Cn are arbitrary
constants, then the general solution of (∗∗) is

xt = C1u1(t) + · · ·+ Cnun(t)
and the general solution of (∗) is

xt = C1u1(t) + · · ·+ Cnun(t) + u∗
t

The structure of the
solutions of (10.6). (For
linear independence, see
(11.21).)



64

10.8

For b 
= 0, xt + axt−1 + bxt−2 = 0 has the
solution:
• For 1

4a2 − b > 0 : xt = C1m
t
1 + C2m

t
2,

where m1,2 = − 1
2a±

√
1
4a2 − b .

• For 1
4a2 − b = 0 : xt = (C1 + C2t)(−a/2)t.

• For 1
4a2 − b < 0 : xt = Art cos(θt + ω),

where r =
√

b and cos θ = − a

2
√

b
, θ ∈ [0, π].

The solutions of a homo-
geneous, linear second-
order difference equation
with constant coefficients
a and b. C1, C2, and ω
are arbitrary constants.

10.9

To find a particular solution of
(∗) xt + axt−1 + bxt−2 = ct, b 
= 0
use the following trial functions and determine
the constants by using the method of undeter-
mined coefficients:
• If ct = c, try u∗

t = A.
• If ct = ct + d, try u∗

t = At + B.
• If ct = tn, try u∗

t = A0 + A1t + · · ·+ Antn.
• If ct = ct, try u∗

t = Act.
• If ct = α sin ct + β cos ct, try u∗

t = A sin ct +
B cos ct.

If the function ct is
itself a solution of the
homogeneous equation,
multiply the trial solu-
tion by t. If this new
trial function also satis-
fies the homogeneous
equation, multiply the
trial function by t again.
(See Hildebrand (1968),
Sec. 1.8 for the general
procedure.)

10.10
(∗) xt + a1xt−1 + · · ·+ anxt−n = bt

(∗∗) xt + a1xt−1 + · · ·+ anxt−n = 0

Linear difference equa-
tions with constant
coefficients.

10.11 mn + a1m
n−1 + · · ·+ an−1m + an = 0

The characteristic equa-
tion of (10.10). Its roots
are called characteristic
roots.

10.12

Suppose the characteristic equation (10.11) has
n different roots, λ1, . . . , λn, and define

θr =
λr∏

1≤s≤n

s 	=r

(λr − λs)
, r = 1, 2, . . . , n

Then a special solution of (10.10) (∗) is given
by

u∗
t =

n∑
r=1

θr

∞∑
i=0

λi
rbt−i

The backward solution
of (10.10)(∗), valid if
|λr| < 1 for r = 1, . . . , n.


