
Chapter 15

Linear and nonlinear programming

Linear programming

15.1

max z = c1x1 + · · ·+ cnxn subject to

a11x1 + · · ·+ a1nxn ≤ b1

a21x1 + · · ·+ a2nxn ≤ b2
. . . . . . . . . . . . . . . . . . . . . . . . . .
am1x1 + · · ·+ amnxn ≤ bm

x1 ≥ 0, . . . , xn ≥ 0

A linear programming
problem. (The primal
problem.)

∑n

j=1 cjxj

is called the objective
function. (x1, . . . , xn) is
admissible if it satisfies
all the m+n constraints.

15.2

min Z = b1λ1 + · · ·+ bmλm subject to

a11λ1 + · · ·+ am1λm ≥ c1

a12λ1 + · · ·+ am2λm ≥ c2
. . . . . . . . . . . . . . . . . . . . . . . . .
a1nλ1 + · · ·+ amnλm ≥ cn

λ1 ≥ 0, . . . , λm ≥ 0

The dual of (15.1).∑m

i=1 biλi is called the
objective function.
(λ1, . . . , λm) is admissi-
ble if it satisfies all the
n + m constraints.

15.3
max c′x subject to Ax ≤ b, x ≥ 0

min b′λ subject to A′λ ≥ c, λ ≥ 0

Matrix formulations of
(15.1) and (15.2).
A = (aij)m×n,
x = (xj)n×1,
λ = (λi)m×1,
c = (cj)n×1,
b = (bi)m×1.

15.4
If (x1, . . . , xn) and (λ1, . . . , λm) are admissible
in (15.1) and (15.2), respectively, then

b1λ1 + · · ·+ bmλm ≥ c1x1 + · · ·+ cnxn

The value of the objec-
tive function in the dual
is always greater than or
equal to the value of the
objective function in the
primal.
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15.5

Suppose (x∗
1, . . . , x

∗
n) and (λ∗

1, . . . , λ
∗
m) are ad-

missible in (15.1) and (15.2) respectively, and
that

c1x
∗
1 + · · ·+ cnx∗

n = b1λ
∗
1 + · · ·+ bmλ∗

m

Then (x∗
1, . . . , x

∗
n) and (λ∗

1, . . . , λ
∗
m) are optimal

in the respective problems.

An interesting result.

15.6

If either of the problems (15.1) and (15.2) has a
finite optimal solution, so has the other, and the
corresponding values of the objective functions
are equal. If either problem has an “unbounded
optimum”, then the other problem has no ad-
missible solutions.

The duality theorem of
linear programming.

15.7

Consider problem (15.1). If we change bi to
bi + Δbi for i = 1, . . . , m, and if the associ-
ated dual problem still has the same optimal
solution, (λ∗

1, . . . , λ
∗
m), then the change in the

optimal value of the objective function of the
primal problem is

Δz∗ = λ∗
1Δb1 + · · ·+ λ∗

mΔbm

An important sensitiv-
ity result. (The dual
problem usually will
have the same solution
if |Δb1|, . . . , |Δbm| are
sufficiently small.)

15.8
The ith optimal dual variable λ∗

i is equal to
the change in objective function of the primal
problem (15.1) when bi is increased by one unit.

Interpretation of λ∗
i as a

“shadow price”. (A spe-
cial case of (15.7), with
the same qualifications.)

15.9

Suppose that the primal problem (15.1) has an
optimal solution (x∗

1, . . . , x
∗
n) and that the du-

al (15.2) has an optimal solution (λ∗
1, . . . , λ∗

m).
Then for i = 1, . . . , n, j = 1, . . . , m:

(1) x∗
j > 0 ⇒ a1jλ

∗
1 + · · ·+ amjλ

∗
m = cj

(2) λ∗
i > 0 ⇒ ai1x

∗
1 + · · ·+ ainx∗

n = bi

Complementary slack-
ness. ((1): If the opti-
mal variable j in the pri-
mal is positive, then re-
striction j in the dual is
an equality at the opti-
mum. (2) has a similar
interpretation.)

15.10

Let A be an m × n-matrix and b an n-vector.
Then there exists a vector y with Ay ≥ 0 and
b′y < 0 if and only if there is no x ≥ 0 such
that A′x = b.

Farkas’s lemma.

Nonlinear programming

15.11 max f(x, y) subject to g(x, y) ≤ b
A nonlinear program-
ming problem.


