
Chapter 19

Matrices

19.1 A =

⎛⎜⎜⎝
a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

⎞⎟⎟⎠ = (aij)m×n

Notation for a matrix ,
where aij is the element
in the ith row and the
jth column. The matrix
has order m × n. If m =
n, the matrix is square
of order n.

19.2 A =

⎛⎜⎜⎝
a11 a12 . . . a1n

0 a22 . . . a2n
...

...
. . .

...
0 0 . . . ann

⎞⎟⎟⎠
An upper triangular ma-
trix. (All elements be-
low the diagonal are 0.)
The transpose of A (see
(19.11)) is called lower
triangular .

19.3 diag(a1, a2, . . . , an) =

⎛⎜⎜⎝
a1 0 · · · 0
0 a2 · · · 0
...

...
. . .

...
0 0 · · · an

⎞⎟⎟⎠ A diagonal matrix .

19.4

⎛⎜⎜⎝
a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a

⎞⎟⎟⎠
n×n

A scalar matrix.

19.5 In =

⎛⎜⎜⎝
1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

⎞⎟⎟⎠
n×n

The unit or identity
matrix.

19.6

If A = (aij)m×n, B = (bij)m×n, and α is a
scalar, we define

A + B = (aij + bij)m×n

αA = (αaij)m×n

A−B = A + (−1)B = (aij − bij)m×n

Matrix operations. (The
scalars are real or com-
plex numbers.)
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19.7

(A + B) + C = A + (B + C)
A + B = B + A

A + 0 = A

A + (−A) = 0

(a + b)A = aA + bA

a(A + B) = aA + aB

Properties of matrix op-
erations. 0 is the zero
(or null) matrix, all of
whose elements are zero.
a and b are scalars.

19.8

If A = (aij)m×n and B = (bjk)n×p, we define
the product C = AB as the m× p matrix C =
(cik)m×p where

cik = ai1b1k + · · ·+ aijbjk + · · ·+ ainbnk

The definition of matrix
multiplication.

⎛⎜⎜⎜⎜⎝
a11 . . . a1j . . . a1n

...
...

...
ai1 . . . aij . . . ain

...
...

...
am1 . . . amj . . . amn

⎞⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎝
b11 . . . b1k . . . b1p

...
...

...
bj1 . . . bjk . . . bjp

...
...

...
bn1 . . . bnk . . . bnp

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
c11 . . . c1k . . . c1p

...
...

...
ci1 . . . cik . . . cip

...
...

...
cm1 . . . cmk . . . cmp

⎞⎟⎟⎟⎟⎠

19.9
(AB)C = A(BC)

A(B + C) = AB + AC

(A + B)C = AC + BC

Properties of matrix
multiplication.

19.10
AB 
= BA

AB = 0 
⇒ A = 0 or B = 0

AB = AC & A 
= 0 
⇒ B = C

Important observations
about matrix multiplica-
tion. 0 is the zero ma-
trix. �⇒ should be read:
“does not necessarily
imply”.

19.11 A′ =

⎛⎜⎜⎝
a11 a21 · · · am1
a12 a22 · · · am2
...

...
...

a1n a2n · · · amn

⎞⎟⎟⎠
A′, the transpose of
A = (aij)m×n, is the
n × m matrix obtained
by interchanging rows
and columns in A.

19.12

(A′)′ = A

(A + B)′ = A′ + B′

(αA)′ = αA′

(AB)′ = B′A′ (NOTE the order!)

Rules for transposes.

19.13 B = A−1 ⇐⇒ AB = In ⇐⇒ BA = In

The inverse of an n × n
matrix A. In is the
identity matrix.


