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Chapter 2

Equations. Functions of one variable.

Complex numbers

—b+ Vb2 — dac

ar’ +br+c=0 < 315 =
’ 2a

If 1 and x5 are the roots of 22 + px + ¢ = 0,
then

T+ X2 = —p, T1Ty = q

ax® +bx* +cx+d=0

P pr+q=0

22 + pr + ¢ =0 with A = 4p? + 27¢> has
e three different real roots if A < 0;

e three real roots, at least two of which are
equal, if A = 0;

e one real and two complex roots if A > 0.
The solutions of z° 4+ pz + ¢ = 0 are

1 =Uu-+v, Ty = wu+w2v, and x3 = w2u+wv7
where w = f% + %\/g, and

we Y9 1 /4p3+27q
a 2 2
U_g g 1 4p3 +27q
o 2 oV T o1

The roots of the gen-
eral quadratic equation.
They are real provided
b? > 4dac (assuming that
a, b, and c are real).

Viete’s rule.

The general cubic
equation.

(2.3) reduces to the form
(2.4) if z in (2.3) is
replaced by =z — b/3a.

Classification of the
roots of (2.4) (assuming
that p and g are real).

Cardano’s formulas

for the roots of a cubic
equation. 7 is the imagi-
nary unit (see (2.75))
and w is a complex third
root of 1 (see (2.88)).

(If complex numbers be-
come involved, the cube
roots must be chosen so
that 3uv = —p. Don’t
try to use these formulas
unless you have to!)
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If 1, x5, and x3 are the roots of the equation
2% 4+ px? + gr 4+ r =0, then

Ty +x2+x3=—p
T1To + 123 + Tax3 = ¢

1Ty — —T

P(z) = apa™ + 12" '+ a1z + ag

For the polynomial P(x) in (2.8) there exist
constants x1, Za, ..., Z, (real or complex) such
that

P)=an(x —x1) - (x — xp)

Ap—1
1 +x0+ -+, = —
Qp
Ap—2
T1T2 + 2123+ -+ Tp_1Ty = g TiTj = a
i<j
ago
n
T1Tg Xy = (—1)"—
Gp
If ap—1, ..., a1, ap are all integers, then any

integer root of the equation
2+ ap_12" P+ taxtag=0
must divide ag.

Let k be the number of changes of sign in the
sequence of coefficients a,, apn_1, ..., a1, ag
in (2.8). The number of positive real roots of
P(z) = 0, counting the multiplicities of the
roots, is k or k minus a positive even number.
If £ = 1, the equation has exactly one positive
real root.

The graph of the equation
A2z + Bay +Cy?> + Dz + Ey+F =0

is

e an ellipse, a point or empty if 4AC > B?;

e a parabola, a line, two parallel lines, or
empty if 4AC = B?;

e a hyperbola or two intersecting lines if
4AC < B2,

Useful relations.

A polynomial of degree

n. (an #0.)

The fundamental
theorem of algebra.
i, ..., Tn are called

zeros of P(x) and roots
of P(z) = 0.

Relations between the
roots and the coefficients
of P(x) = 0, where P(x)
is defined in (2.8). (Gen-
eralizes (2.2) and (2.7).)

Any integer solutions of
22 4+622—2—-6=0
must divide —6. (In this
case the roots are £1
and —6.)

Descartes’s rule of signs.

Classification of conics.
A, B, C not all 0.



