Chapter 20
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Determinants
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Definition of a 2 x 2
determinant.

Geometric interpretation
of a 2 x 2 determinant.
The area A is the abso-
lute value of the deter-
minant
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Definition of a 3 x 3
determinant.

Geometric interpretation
of a 3 x 3 determinant.
The volume of the “box”
spanned by the three
vectors is the absolute
value of the determinant
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If A = (aij)nxn is an n X n matrix, the deter-
minant of A is the number

Al =andin + -+ aindin = Z;—;l ai;Agj

where A;;, the cofactor of the element a;;, is
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ainAn + aipAip + -+ ainAin = A
a1 Ar1 + aipApo + -+ ain A, =0 if k #1

arjAry + agjAgj + -+ anjAn; = |Al
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e If all the elements in a row (or column) of A
are 0, then |A] = 0.

o If two rows (or two columns) of A are inter-
changed, the determinant changes sign but
the absolute value remains unchanged.

e If all the elements in a single row (or col-
umn) of A are multiplied by a number ¢, the
determinant is multiplied by c.

e If two of the rows (or columns) of A are pro-
portional, then |A| = 0.

e The value of |A| remains unchanged if a mul-
tiple of one row (or one column) is added to
another row (or column).

e |A’| =|A], where A’ is the transpose of A.

|AB| = |A|- B
|A +B|#|A|+ |B| (in general)
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The general definition of
a determinant of order
n, by cofactor expansion
along the ith row. The
value of the determinant
is independent of the
choice of 1.

Expanding a determi-
nant by a row or a col-
umn in terms of the co-
factors of the same row
or column, yields the de-
terminant. Expanding
by a row or a column in
terms of the cofactors

of a different row or col-
umn, yields 0.

Important properties of
determinants. A is a
square matrix.

Properties of determi-
nants. A and B are
n X n matrices.

The Vandermonde deter-
manant for n = 3.



