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Chapter 21

Eigenvalues. Quadratic forms

A scalar A is called an eigenvalue of an n x n
matrix A if there exists an n-vector ¢ # 0 such
that

Ac = )Xc

The vector c is called an eigenvector of A.

air — A ai2 A1n
a21 az2 — A a2n
|A = M| = .
an1 An2 Apn — A

A is an eigenvalue of A < p(A\) =]|A -] =0

A=A Aa - At - Ay
tr(A) = ap 4+ G = A1+ Ay

Let f( ) be a polynomial. If A is an eigenvalue
of A, then f()) is an eigenvalue of f(A).

A square matrix A has an inverse if and only if
0 is not an eigenvalue of A. If A has an inverse
and A is an eigenvalue of A, then A™! is an
eigenvalue of A~!.

All eigenvalues of A have moduli (strictly) less
than 1 if and only if A*—0 as t — co.

AB and BA have the same eigenvalues.

If A is symmetric and has only real elements,
then all eigenvalues of A are reals.

FEigenvalues and eigen-
vectors are also called
characteristic roots and
characteristic vectors. X\
and ¢ may be complex
even if A is real.

The eigenvalue poly-
nomial (the charac-
teristic polynomial) of
A = (aij)nxn. Iis the
unit matrix of order n.

A necessary and suffi-
cient condition for A to
be an eigenvalue of A.

A1, ..., Ap are the eigen-
values of A.

Eigenvalues for matrix
polynomials.

How to find the eigen-
values of the inverse of a
square matrix.

An important result.

A and Baren x n
matrices.
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If
p(Y) = [A = I =

(=)™ + b1 (=N bi(=A) + bo
is the eigenvalue polynomial of A, then b is

the sum of all principal minors of A of order

n — k (there are (}) of them).

ai; — A a2
as asy — A

where by = aj1 + az = tr(A), by = |A]

= (=22 + bi(=A) + bo

ain — A ai2 a13
a21 agp — A a23 =
asy azz asz — A

(=) 4+ b2(=A)? + b1 (=X) + by
where
bas = a11 + age + aszs = tr(A)

a1l a2 a11 a3 22 A23
b1 = + +

a21 Aa22 a3l ass a32 Aas3
bo = |A]

P 'AP = D for
some matrix P and
some diagonal ma-
trix D.

A is diagonalizable <

A and P~'AP have the same eigenvalues.

If A = (aij)nxn has n distinct eigenvalues, then
A is diagonalizable.

A = (@ij)nxn has n linearly independent eigen-
vectors, X1, ..., X, with corresponding eigen-

values A1, ..., Ay, if and only if
A0 .00
0 X ... O
P AP = | . . .
0 0 ... X\,
where P = (x1,...,Xn)nxn-

Characterization of the
coefficients of the eigen-
value polynomial of an
n X n matrix A. (For
principal minors, see
(20.15).) p(A) = 0is
called the eigenvalue
equation or character-
istic equation of A.

(21.10) for n = 2. (tr(A)
is the trace of A.)

(21.10) for n = 3.

A definition.

Sufficient (but NOT nec-
essary) condition for A
to be diagonalizable.

A characterization of
diagonalizable matrices.



