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Chapter 22

Special matrices. Leontief systems

Idempotent matrices

A = (aij)nxn is idempotent <= A=A

A is idempotent <= I — A is idempotent.

A isidempotent = 0 and 1 are the only possi-
ble eigenvalues, and A is positive semidefinite.

A is idempotent with k eigenvalues equal to 1
= r(A) =tr(A) =k.

A isidempotent and C is orthogonal = C’AC
is idempotent.

A is idempotent <= its associated linear
transformation is a projection.

I, — X(X’'X)"'X’ is idempotent.

Orthogonal matrices
P = (pij)nxn is orthogonal <= P'P =PP’' =1,

P is orthogonal <= the column vectors of P
are mutually orthogonal unit vectors.

Definition of an idem-
potent matrix.

Properties of idempotent
matrices.

An orthogonal matrix is
defined in (22.8).

A linear transformation
P from R"™ into R™ is a
projection if P(P(x)) =
P(x) for all x in R™.

| X is n x m, [X'X] £ 0.

Definition of an orthogo-
nal matrix.

A property of orthogonal
matrices.
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22.14

22.15

22.16

22.17

22.18

P and Q are orthogonal = PQ is orthogonal.

P orthogonal = |P| = +1, and 1 and —1 are
the only possible real eigenvalues.

P orthogonal < [|Px|| = ||x]| for all x in R™.

If P is orthogonal, the angle between Px and
Py equals the angle between x and y.

Permutation matrices
P = (pij)nxn is a permutation matrix if in each
row and each column of P there is one element

equal to 1 and the rest of the elements are 0.

P is a permutation matrix = P is nonsingular
and orthogonal.

Nonnegative matrices

(z)mmZU = [£%7] >0fOI‘aHZ_]

A
A = (aij)mxn >0 < a;; >0 forall i,

If A = (ajj)nxn > 0, A has at least one non-
negative eigenvalue. The largest nonnegative
eigenvalue is called the Frobenius root of A and
it is denoted by A(A). A has a nonnegative
eigenvector corresponding to A(A).

e 4 is an eigenvalue of A = |u| < A(A)
e 0< A, <As = AA;) < A(As)
e p>AA) & (pI — A)~! exists and is > 0

n

° 11<njl£1n Z ai; < A(A) < 121;2(71 z; aij

Properties of orthogonal
matrices.

Orthogonal transforma-
tions preserve lengths of
vectors.

Orthogonal transforma-
tions preserve angles.

Definition of a permuta-
tion matrix.

Properties of permuta-
tion matrices.

Definitions of nonnega-
tive and positive matri-
ces.

Definition of the
Frobenius root (or domi-
nant root) of a nonnega-
tive matrix.

Properties of nonnega-
tive matrices. A(A) is
the Frobenius root of A.



