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Chapter 23

Kronecker products and the
Differentiation of vectors and
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ABRC=(A®B)®C=A® (B®C)

(A+B)®(C+D) =
AC+A®D+B®C+BaD

(A®B)(C®D)=AC®BD

(A®B)=A"®B’

(AB)"'=A"'@B!

tr(A @ B) = tr(A) tr(B)

vec operator.
matrices

The Kronecker prod-

uct of A = (aij)mxn
and B = (bij)pxq-

A ®Bismp x ng. In
general, the Kronecker
product is not commuta-
tive, A B#B ® A.

A special case of (23.1).

Valid in general.

Valid if A+B and C+D
are defined.

Valid if AC and BD are
defined.

Rule for transposing a
Kronecker product.

Valid if A~! and B!

exist.

A and B are square ma-
trices, not necessarily of
the same order.
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aRA=0dA=Ac=A®Ra«a

If A1, ..., A\, are the eigenvalues of A, and if
M1, ..., ftp are the eigenvalues of B, then the
np eigenvalues of A ® B are \ju;,i=1,...,n,
i=1...,p.

If x is an eigenvector of A, and y is an eigen-
vector for B, then x ® y is an eigenvector of
A ®B.

If A and B are positive (semi-)definite, then
A ® B is positive (semi-)definite.

|A@B|=[A]”-[B|"

r(A®B)=r(A)r(B)

If A= (aj,as,...,a,)mxn, then
ay
ag
vec(A) =
an mnx1
a11
a a a
vec 11 12\ _ 21
a21 Aa22 ai2
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vec(A + B) = vec(A) + vec(B)

vec(ABC) = (C' ® A) vec(B)

tr(AB) = (vec(A')) vec(B) = (vec(B’))’ vec(A)

‘ « is a 1x1 scalar matrix.

The eigenvalues of
A ® B, where A isn xn
and B is p x p.

NOTE: An eigenvector
of A ® B is not necessar-
ily the Kronecker prod-
uct of an eigenvector of
A and an eigenvector

of B.

Follows from (23.10).

Aisnxn,BispXxp.

The rank of a Kronecker
product.

vec(A) consists of the
columns of A placed be-
low each other.

A special case of (23.15).

Valid if A + B is defined.

Valid if the product
ABC is defined.

Valid if the operations
are defined.



