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Chapter 3

Limits. Continuity. Differentiation

(one variable)

f(x) tends to A as a limit as x approaches a,
lim, . f(z) = A or f(z) > Aasz —a

if for every number € > 0 there exists a number
0 > 0 such that

|f(z)—Al<eifreDfand0<|r—al] <6
If limg_,q f(z) = A and lim,_,, g(x) = B, then
o lim(f(z)£g(z)) =A%B
e lim(f(z) g(x))=A-B
. ;LWEB % (if B # 0)
f s continuous at « = aif lim f(z) = f(a), Le.

if a € Dy and for each number € > 0 there is a
number § > 0 such that

|f(z) —Al<eifz € Dyand |z —a| <9

f is continuous on a set S C Dy if f is contin-
uous at each point of S.

If f and g are continuous at a, then:
e f+gand f-g are continuous at a.
e f/gis continuous at a if g(a) # 0.

If g is continuous at a, and f is continuous at
g(a), then f(g(x)) is continuous at a.

Any function built from continuous functions
by additions, subtractions, multiplications, di-
visions, and compositions, is continuous where
defined.

The definition of a limit
of a function of one var-
iable. Dy is the domain
of f.

Rules for limits.

Definition of continuity.

Properties of continuous
functions.

Continuity of composite
functions.

A useful result.
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[ is uniformly continuous on a set S if for each
e > 0 there exists a ¢ > 0 (depending on & but
NOT on z and y) such that

lf(x) = fly)| <eifx,ye Sand |z —y| <

If f is continuous on a closed bounded interval
I, then f is uniformly continuous on I.

If f is continuous on an interval I containing a
and b, and A lies between f(a) and f(b), then
there is at least one & between a and b such that

A= f(&).

f(x) = lim

h—0

flz+h) - f(z)
h

Other notations for the derivative of y = f(x)
include
dy _ df(x)
/ Y
fla)y=y =" =~

= Df(x)

y=[f(x)xg(z) = v = f(z) 4 (z)

Definition of uniform
continuity.

Continuous functions
on closed bounded in-
tervals are uniformly

continuous.

The intermediate value
theorem.

Illustration of the inter-
mediate value theorem.

The definition of the
derivative. If the limit
exists, f is called differ-
entiable at x.

Other notations for the
derivative.

General rules.

The chain rule.

A useful formula.



