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Chapter 31

Non-cooperative game theory

In an n-person game we assign to each player
i (i =1,...,n) a strategy set S; and a pure
strategy payoff function wu; that gives player 4
utility w;(s) = wi(s1,...,s,) for each strategy
profile s = (81,...,8,) €S =51 X -+ x S,,.

A strategy profile (s7,...,s}) for an n-person
game is a pure strategy Nash equilibrium if for

alli=1,...,n and all s; in 5;,

wi(sy, ..., 88) > ui(ss,. ..

.S 851,803 87 1,2 50)
If for all ¢ = 1,...,n, the strategy set 5; is a
nonempty, compact, and convex subset of R™,
and u;(s1,...,8,) is continuous in S = S; x

- x S,, and quasiconcave in its ith variable,
then the game has a pure strategy Nash equi-
librium.

Consider a finite n-person game where S; is
player i’s pure strategy set, and let S = 57 X
-+ xS, Let ©; be a set of probability distribu-
tions over S;. An element o; of Q; (o; is then a
function o; : S; — [0, 1]) is called a mized strat-
egy for player i, with the interpretation that if
1 plays o;, then i chooses the pure strategy s;
with probability o;(s;).

If the players choose the mized strategy pro-

file o0 = (01,...,0n) € Q1 X -+ X Q,, the
probability that the pure strategy profile s =
(81,...,8n) occurs is 01(s1) -+ - 05 (8n). The ex-

pected payoff to player i is then

Zses o1(s1) - on(sn)ui(s)

An n-person game in
strategic (or normal)
form. If all the strategy
sets S; have a finite
number of elements, the
game is called finite.

Definition of a pure
strategy Nash equilib-
rium for an n-person
game.

Sufficient conditions for
the existence of a pure
strategy Nash equilib-
rium. (There will usu-
ally be several Nash
equilibria.)

Definition of a mized
strategy for an n-person
game.
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A mixed strategy profile o* = (07,...,0}) is a
Nash equilibrium if for all ¢ and every o;,

*

ui(0*) > ui(of, ..., 07 1,04,051,...,07)

o* is a Nash equilibrium if and only if the

following conditions hold for all i =1, ..., n:
ol (si) > 0= u;(0*) = u;(s;, %) forall s;

ol (s) = 0= u;(o*) > u(s,o*;) for all s

* _ * * * *
where o*, = (0f,...,0{ 1,07,4,...,0,) and
we consider s; and s as degenerate mixed strat-

egies.

Every finite n-person game has a mixed strat-
egy Nash equilibrium.

The pure strategy s; € S; of player i is strictly
dominated if there exists a mixed strategy o; for
player i such that for all feasible combinations
of the other players’ pure strategies, i’s payoff
from playing strategy s; is strictly less than i’s
payoff from playing o;:

ui(sl, ey Si1ySiy Sidly e Sn) <
ui(sl, ey Si—1504,Si4+1,y - - .,Sn)
for every (s1,...,8i-1,Si+1,---,Sn) that can be

constructed from the other players’ strategy
sets Sl, AP Si—l, Si+1, ceey Sn

In an n-person game, the following results hold:

e If iterated elimination of strictly dominated
strategies eliminates all but the strategies
(si,...,s"), then these strategies are the
unique Nash equilibrium of the game.

e If the mixed strategy profile (o7,...,0%)is
a Nash equilibrium and, for some player i,
0¥ (si) > 0, then s; survives iterated elimi-
nation of strictly dominated strategies.

Definition of a mized
strategy Nash equilibrium
for an n-person game.

An equivalent definition
of a (mixed strategy)
Nash equilibrium.

An important result.

Definition of strictly
dominated strategies.

Useful results.

Iterated elimination

of strictly dominated
strategies need not re-
sult in the elimination
of any strategy. (For a
discussion of iterated
elimination of strictly
dominated strategies, see
the literature.)



