
Chapter 33

Probability and statistics

33.1

The probability P (A) of an event A ⊂ Ω satis-
fies the following axioms:
(a) 0 ≤ P (A) ≤ 1
(b) P (Ω) = 1
(c) If Ai ∩Aj = ∅ for i 
= j, then

P (
∞⋃

i=1
Ai) =

∞∑
i=1

P (Ai)

Axioms for probability.
Ω is the sample space
consisting of all possible
outcomes. An event is a
subset of Ω.
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A ∪ B

A or B occurs
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Ω

A ∩ B

Both A and B
occur

A

B

Ω

A \ B

A occurs, but
B does not

A

Ω

Ac

A does not occur

A

B

Ω

A � B

A or B occurs,
but not both

33.2

• P (Ac) = 1− P (A)
• P (A ∪B) = P (A) + P (B)− P (A ∩B)
• P (A ∪B ∪ C) = P (A) + P (B) + P (C)

− P (A ∩B)− P (A ∩ C)− P (B ∩ C)
+ P (A ∩B ∩ C)

• P (A \B) = P (A)− P (A ∩B)
• P (A�B) = P (A) + P (B)− 2P (A ∩B)

Rules for calculating
probabilities.

33.3
P (A |B) =

P (A ∩B)
P (B)

is the conditional prob-

ability that event A will occur given that B has
occurred.

Definition of conditional
probability , P (B) > 0.

33.4

A and B are (stochastically) independent if
P (A ∩B) = P (A)P (B)

If P (B) > 0, this is equivalent to
P (A |B) = P (A)

Definition of (stochastic)
independence.
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33.5
P (A1 ∩A2 ∩ . . . ∩An) =
P (A1)P (A2 |A1) · · ·P (An |A1 ∩A2 ∩ · · · ∩An−1)

General multiplication
rule for probabilities.

33.6
P (A |B) =

P (B |A) · P (A)
P (B)

=
P (B |A)P (A)

P (B |A)P (A) + P (B |Ac)P (Ac)

Bayes’s rule.
(P (B) �= 0.)

33.7 P (Ai |B) =
P (B |Ai) · P (Ai)

n∑
j=1

P (B |Aj) · P (Aj)

Generalized Bayes’s
rule. A1, . . . , An are
disjoint,

∑n

i=1 P (Ai) =
P (Ω) = 1, where
Ω =

⋃n

i=1 Ai is the
sample space. B is an
arbitrary event.

One-dimensional random variables

33.8

• P (X ∈ A) =
∑

x∈A

f(x)

• P (X ∈ A) =
∫
A

f(x) dx

f is the discrete/con-
tinuous probability den-
sity function for the ran-
dom (or stochastic) vari-
able X.

33.9

• F (x) = P (X ≤ x) =
∑
t≤x

f(t)

• F (x) = P (X ≤ x) =
x∫

−∞
f(t) dt

F is the cumulative dis-
crete/continuous distri-
bution function. In the
continuous case,
P (X = x) = 0.

33.10

• E[X] =
∑
x

xf(x)

• E[X] =
∞∫

−∞
xf(x) dx

Expectation of a ran-
dom variable X with dis-
crete/continuous proba-
bility density function f .
μ = E[X] is called the
mean.

33.11

• E[g(X)] =
∑
x

g(x)f(x)

• E[g(X)] =
∞∫

−∞
g(x)f(x) dx

Expectation of a func-
tion g of a random var-
iable X with discrete/
continuous probability
density function f .

33.12 var[X] = E[(X − E[X])2]

The variance of a ran-
dom variable is, by defi-
nition, the expected
value of its squared devi-
ation from the mean.


