
Chapter 34

Probability distributions

34.1

f(x) =

⎧⎨⎩ xp−1(1− x)q−1

B(p, q)
, x ∈ (0, 1),

0 otherwise,
p > 0, q > 0.

Mean: E[X] =
p

p + q
.

Variance: var[X] =
pq

(p + q)2(p + q + 1)
.

kth moment: E[Xk] =
B(p + k, q)

B(p, q)
.

Beta distribution. B is
the beta function defined
in (9.61).

34.2

f(x) =
(

n

x

)
px(1− p)n−x,

x = 0, 1, . . . , n; n = 1, 2, . . . ; p ∈ (0, 1).

Mean: E[X] = np.
Variance: var[X] = np(1− p).
Moment generating function: [pet + (1− p)]n.
Characteristic function: [peit + (1− p)]n.

Binomial distribution.
f(x) is the probability
for an event to occur
exactly x times in n in-
dependent observations,
when the probability of
the event is p at each
observation. For

(
n
x

)
, see

(8.30).

34.3

f(x, y) =
e−Q

2πστ
√

1− ρ2
, where

Q =

(
x−μ

σ

)2 − 2ρ (x−μ)(y−η)
στ +

(
y−η

τ

)2
2(1− ρ2)

,

x, y, μ, η ∈ (−∞,∞), σ > 0, τ > 0, |ρ| < 1.

Mean: E[X] = μ , E[Y ] = η.
Variance: var[X] = σ2 , var[Y ] = τ2.
Covariance: cov[X, Y ] = ρστ .

Binormal distribution.
(For moment generating
and characteristic func-
tions, see the more gen-
eral multivariate normal
distribution in (34.15).)
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34.4

f(x) =

⎧⎪⎨⎪⎩
x

1
2 ν−1e− 1

2 x

2
1
2 νΓ( 1

2ν)
, x > 0

0, x ≤ 0

; ν = 1, 2, . . .

Mean: E[X] = ν .
Variance: var[X] = 2ν.
Moment generating function: (1− 2t)− 1

2 ν , t < 1
2 .

Characteristic function: (1− 2it)− 1
2 ν .

Chi-square distribution
with ν degrees of free-
dom. Γ is the gamma
function defined in
(9.53).

34.5

f(x) =
{

λe−λx, x > 0
0, x ≤ 0

; λ > 0.

Mean: E[X] = 1/λ.
Variance: var[X] = 1/λ2.
Moment generating function: λ/(λ− t), t < λ.
Characteristic function: λ/(λ− it).

Exponential distribution.

34.6

f(x) =
1
β

e−ze−e−z

, z =
x− α

β
, x ∈ R, β > 0

Mean: E[X] = α− βΓ′(1).
Variance: var[X] = β2π2/6.
Moment gen. function: eαtΓ(1− βt), t < 1/β.
Characteristic function: eiαtΓ(1− iβt).

Extreme value (Gumbel)
distribution. Γ′(1) is
the derivative of the
gamma function at 1.
(See (9.53).) Γ′(1) = −γ,
where γ ≈ 0.5772 is Eu-
ler’s constant, see (8.48).

34.7

f(x) =

⎧⎪⎨⎪⎩
ν

1
2 ν1
1 ν

1
2 ν2
2 x

1
2 ν1−1

B( 1
2ν1,

1
2ν2)(ν2 + ν1x)

1
2 (ν1+ν2)

, x > 0

0, x ≤ 0
ν1, ν2 = 1, 2, . . .

Mean: E[X] = ν2/(ν2 − 2) for ν2 > 2
(does not exist for ν2 = 1, 2).

Variance: var[X] =
2ν2

2(ν1 + ν2 − 2)
ν1(ν2 − 2)2(ν2 − 4)

for ν2 > 4

(does not exist for ν2 ≤ 4).
kth moment:

E[Xk] =
Γ( 1

2ν1 + k)Γ( 1
2ν2 − k)

Γ( 1
2ν1)Γ( 1

2ν2)

(
ν2

ν1

)k

, 2k < ν2

F -distribution. B is the
beta function defined in
(9.61). ν1, ν2 are the de-
grees of freedom for the
numerator and denomi-
nator, respectively.

34.8

f(x) =

⎧⎨⎩
λnxn−1e−λx

Γ(n)
, x > 0

0, x ≤ 0
; n, λ > 0.

Mean: E[X] = n/λ.
Variance: var[X] = n/λ2.
Moment generating function: [λ/(λ− t)]n, t < λ.
Characteristic function: [λ/(λ− it)]n.

Gamma distribution.
Γ is the gamma function
defined in (9.53). For
n = 1 this is the expo-
nential distribution.


