The Markov-Modulated Risk Model with
Investment

Mirko Kotter! and Nicole Biuerle?

! Institute for Mathematical Stochastics, University of Hannover, Germany
koetter@stochastik.uni-hannover.de

2 Institute for Stochastics, University of Karlsruhe, Germany
baeuerle@stoch.uni-karlsruhe.de

Summary. We consider Markov-modulated risk reserves which can be invested
into a stock index following a geometric Brownian motion. Within a special class of
investment policies we identify one which maximizes the adjustment coefficient. A
comparison to the compound Poisson case is also given.

1 Introduction and Model

In this paper we combine two features of risk models which have so far only been
investigated separately: Markov-modulation (cf. [1]) and maximizing the adjustment
coefficient by optimal investment (cf. [6]). In the Markov-modulated Poisson model
the premium rate and claim arrivals are determined by a Markov-modulated envi-
ronment which is described by an irreducible continuous-time Markov process J de-
fined on some finite state space E = {1,...,d} with intensity matrix Q = (qi;):,jeE-
If not stated otherwise, the distribution of Jy is arbitrary. We only suppose that
P(Jo =14) > 0 for all i € E. J; can be interpreted as the general economic conditions
which are present at time t. J; influences the premium rate, the arrival intensity
of claims and the claim size distribution as follows: The premium income rate at
time t is cj,, i.e. as long as J; = ¢ we have a linear income stream at rate ¢;. Claim
arrivals are according to a Poisson process with rate Aj,. Thus, N = {N¢, t > 0} is
a Markov-modulated Poisson process. A claim Uy which occurs at time ¢ has dis-
tribution Byj,, where B; is some distribution concentrated on (0,00). As usual the
claim sizes Uy, Us, ... are assumed to be conditionally independent given J and pu;
is the finite expectation of B;.

In our model the insurer has the opportunity to invest into a stock index or
say some portfolio whose price process S := {S;,t > 0} is modeled by a geometric
Brownian motion with dynamics dS: = St (adt + bdW;) with a € R, b > 0. K
denotes the amount of money which the insurer invests into the portfolio at time
t and is also allowed to be negative or even larger than the actual wealth for any
t > 0. This fact can be interpreted as the possibility to sell the portfolio short or to
borrow an arbitrary amount of money from the bank respectively. The remaining
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part of the insurers reserve is invested into a bond which yields no interest. Our aim
is to maximize the adjustment coefficient, i.e. the parameter which determines the
exponential decay of the ruin probability w.r.t. the initial reserve. In this paper we
restrict ourselves to the case where the admissible investment strategies depend on
the environment only, i.e. we consider functions k£ : E — R such that the investment
strategy K is given by K; = k(J;). This is reasonable since in the paper by [6] the
authors show in the model without Markov-modulation that a constant investment
strategy maximizes the adjustment coefficient. Thus, we suppose that the wealth
process of the insurer is given by

Y(uK)—u—i—/ CJSdS—ZUk-l-/ —dS (1)

By applying the time change Yt := Yr( with T(t) := jo st ds the ruin probability
does not change and we can w.l.o.g. assume that c( )=ceR.

In this paper we suppose that all claims have exponential moments, i.e. there
exists a possibly infinite constant rg? > 0 such that the centered moment generating
function h;( fo e* dB —1is finite for every r < rg? It is moreover assumed
that h;(r) — co as r — roo. Thls assumption implies that h; is increasing, convex
and continuous on [0, r(w) with h;(0) = 0. An important part of this assumption is
that h;(r) < oo for some r > 0. Thus, the tail of the distribution B; decreases at
least exponentially fast.

When applying an investment strategy K, the ruin probability in infinite time
is then for u > 0 defined by

W(u,K) = P(;II;EYt(u,K) < 0) .

If 7(u,K) := inf{t > 0;Y;(u,K) < 0} is the time of ruin, then ¥(u,K) =
P(7(u,K) < o0). If we denote by m = (7)ice the stationary distribution of J
(which exists and is unique since J is irreducible and has finite state space) then
p) =+ aYcpmi k(i) =3 ,cp midipi for some investment strategy K = k(J) is
the difference between the average premium income and the average payout when
using the investment strategy K = k(J). We refer to p(K> as the safety loading with
respect to the investment strategy K.

Lemma 1. Let K = k(J) and suppose that p5) < 0. Then for all w > 0 it holds
that ¥ (u,K) =

The proof of this statement is omitted since it is standard. For the remaining
sections we assume that p<K) > 0.

2 Fixed Investment Strategies

For a given investment strategy K = k(J) our aim is to find a constant R¥) >0
such that for all € > 0:

lim W(u,K)em(KLE)“ =0,and lim W(u,K)e(R(K)+E>“ =o00. (2)

uU— 00 uU— 00



