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Abstract. The multi-objective covariance matrix adaptation evolution
strategy (MO-CMA-ES) combines a mutation operator that adapts its
search distribution to the underlying optimization problem with multi-
criteria selection. Here, a generational and two steady-state selection
schemes for the MO-CMA-ES are compared. Further, a recently pro-
posed method for computationally efficient adaptation of the search dis-
tribution is evaluated in the context of the MO-CMA-ES.

1 Introduction

Evolution strategies (ES) for real-valued optimization rely on Gaussian random
variations. Appropriately adapting the covariance matrices of these mutations
during optimization allows for learning a variable metric for the search distribu-
tion. It is well known that such an automatic adaptation of the mutation dis-
tribution drastically improves the search performance on non-separable and/or
badly scaled single-objective functions [1,2,3,4].

In [5], we incorporated the step size and covariance matrix adaptation from
the covariance matrix adaptation ES (CMA-ES, [3]) into a multi-objective frame-
work. The resulting MO-CMA-ES used generational selection based on [6] com-
bined with the sorting criterion proposed in [7,8]. We chose generational selection
in order to make our performance comparisons with alternative methods easier
to interpret. However, in [7,8] steady-state selection is used with good results
and the question arises whether the MO-CMA-ES would profit from this selec-
tion scheme. In [9], we presented a new, computationally efficient update scheme
for covariance matrices. The complexity reduction from O(n3) to O(n2) per up-
date of the mutation distribution, where n is the dimensionality of the search
space, comes at the cost of slower adaptation rates. However, as in the MO-
CMA-ES many mutation distributions need to be traced, this approach seems
to be particularly promising for the MO-CMA-ES.

In this work, we first investigate the computationally efficient update proposed
in [9] within the framework of the MO-CMA-ES. Second, we compare variants of
the MO-CMA-ES with different steady-state selection schemes and generational
selection, respectively.
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2 Covariance Matrix Adaptation

Let us consider an additive mutation v
(g)
i ∈ R

n of individual i in generation
g. The mutation v

(g)
i is a realization of an n-dimensional random vector dis-

tributed according to a zero-mean Gaussian distribution with covariance ma-
trix C

(g)
i , that is, v

(g)
i ∼ N

(
0, C

(g)
i

)
. To sample this mutation distribution,

n independent standard normally distributed random numbers are drawn to
generate a realization of an n-dimensional normally distributed random vector
z

(g)
i ∼ N (0, I) with unit covariance matrix and zero mean. Then this random

vector is rotated and scaled by a linear transformation A
(g)
i ∈ R

n×n such that

A
(g)
i z

(g)
i ∼ N (0, C

(g)
i ) for z

(g)
i ∼ N (0, I) .

Thus, for sampling the mutation distribution the covariance matrix C
(g)
i has

to be decomposed into Cholesky factors C
(g)
i = A

(g)
i A

(g)
i

T
. One of the decisive

features of ES is that the covariance matrices are subject to adaptation. The
general policy is to alter the covariance matrices such that steps promising larger
fitness gain are sampled more often. Here we consider matrix updates of the form
C(g+1) = αC(g) + βV (g), where V (g) ∈ R

n×n is positive definite and α, β ∈ R
+

are weighting factors (e.g., see [3,10]). Let v(g) ∈ R be a step in the search space
promising large fitness gain. To increase the probability that v(g) is sampled in
the next iteration, the rank-one update

C(g+1) = αC(g) + βv(g)v(g)T
(1)

can be used. This update rule shifts the mutation distribution towards the line
distribution N

(
0, v(g)v(g)T )

, which is the distribution with the highest proba-
bility to generate v(g) among all normal distributions with zero mean [3].

In general, each factorizing of a covariance matrix requires O(n3) operations.
Thus, in an ES with additive covariance matrix update the Cholesky factoriza-
tion of the covariance matrix is the computationally dominating factor apart
from the fitness function evaluations. In [9] we therefore proposed not to fac-
torize the covariance matrix, but to use an incremental rank-one update rule
for the Cholesky factorization. This reduces the computational complexity to
O(n2). The idea is not to compute the covariance matrix explicitly, but to op-
erate on Cholesky factors only. Setting v(g) = A(g)z(g) with z(g) ∼ N (0, I) we
can rewrite the rank-one update of the covariance matrix equation (1) as

C(g+1) = αC(g) + βA(g)z(g)
[
A(g)z(g)

]T

. (2)

Using the following theorem, we turn this update for C(g) into an update for
A(g).

Theorem 1 ([9]). Let Ct ∈ R
n×n be a symmetric nonnegative definite matrix

with Cholesky factorization Ct = AtAt
T . Assuming that Ct is updated using

Ct+1 = αCt + βvtv
T
t ,


