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Abstract . In a series of papers, Niederre iter and Xing introduced new construction
methods for low-discrepancy sequ ences, mor e specifically (t , s)-sequ ences. As these
involve the rather abst rac t t heory of algebraic function fields - a spec ial case of
algebra ic geometry and also closely related to fun ction theory and algebra ic number
th eory - for a long time no computer impl ementation of t his new method was given .
In t his pap er we present our efforts in this direction, address the algorit hmical
problems and give some numerical dat a obtained from our implement ation.

1 Introduction

It is known that the minimal ord er of discrep ancy for the first N points of an
s-dimensional sequence is at most O( (log N) S/ N) as N increases. Sequences
that attain this bound are called low-discrepancy sequences. An especially
fruitful const ruction method using digit expansions leads to so-called digital
(t, s)-sequences const ructed over IFb , where b is some prime power. The Sobol ',
Faure and Niederreiter sequences are examples of increasing generality. Well­
known low-discrepancy sequences t hat are not (t , s)-sequences are the good
lattice-points and the Halton sequence.

All of th ese have a discrepancy upper bound of O( (log N) S/ N) (we refer to
st ar discrepancy throughout this section) , but differ in the implied constant
of the upp er bound , whose asymptot ic orders with respect to s are shown in
Table 1. The quantity t is an integer parameter that describes the distribution

Sequ ence Discrepancy bound constant
Good Lattice Points 2s

Halton sequence s!
(t ,s )-sequence const r . over lfb bSb' ::::: b t ( s )- s Io g g s

s !(2 1og b)S

Table 1. Compari son of constants

quality of a given (t , s)-sequence.
It should be not ed that in a preprint , Atanassov [1] showed th at the

constant for the Halton sequence is of the smaller order 0((2 S log S)- l ).
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An import ant applicat ion of low-discrepancy sequences is in the quasi­
Monte Carlo method of very high-dimensional numerical integration. There­
fore the asymptot ic behaviour of the discrepancy upp er bound constants with
respect to the dimension s is of interest . The behavior of (t ,s)-sequences de­
pends on t he quality par ameter t , which is an increasing function in s . For the
best previously known construct ion method, the Niederre ite r sequences, t(s )
is of the order O(s log, s). This has been dram atically improved by Nieder­
reiter and Xing in a series of papers , where they obtain t( s) E O(s) by use of
algebraic geometry. The ensuing constant hence is of ord er O((bl s)S) , which
even improves At anassov's bound for the Halton sequence. For this reason
Niederreiter-Xing (NX-)sequences can be considered as the cur rent ly optimal
low-discrepan cy sequences.

Not e that not only the low constant implies the pract ical relevance of
NX-sequences, but also the fact that there is a fixed base b for increasing
dim ension s, which is not the case if we employ Faure sequences . For fixed
b, there are bette r bounds on the integration error of certain funct ion classes
(Korobov classes with respect to Walsh functions) and also computer im­
plementation can benefit from a fixed base, especially if b equa ls a power of
2.

In th e next section we are going to int roduce some notions of function
field theory t hat we need to describ e the algorithmic issues of a computer
implementation in Section 3. Following th at , some numerical result s are given
in Section 4, and a brief outlook to further developments in Section 5.

2 Definitions

2.1 Function field theory

In the following paragraphs we are going to describe some concepts of alge­
br aic funct ion field theory in a very brief and not altoge ther rigorous manner .
The st rict definitions and proofs of th e st at ements can be looked up , e.g. in
[2,3] (see also [13]).

An algebraic function field FIK is a finite algebra ic extension K (x , y) of
the field of rational functions K(x ). Here we will always assume that K is
some finite field lFb .

In a rational function field (the field of rational func t ions) , a valu ation can
be defined for each irr edu cible polynomial (recall th at an integer funct ion v(·)
is called a valuation iff cV

( ' ) is a norm for an arbit rary c E (0,1)): for a rat ional
function I E K(x) and an irr educible polynomial p E K[x], the int eger vp(f )
shall be defined as the exponent of p in the unique factorization of I into
integer powers of irredu cible polynomials (as special case, vp(O) := (0). Then
the function vp is a valu ation of K(x) . Apar t from the vp , only one further
valu ation exists, namely voo (f ) := deg(fden) - deg(fnum), where Inumllden is
t he unique representation of I as a fraction of coprime polynomials.


