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A L G E B R A S  O F  O B S E R V A B L E S  IN T H E  S - M A T R I X  A P P R O A C H  

V . A .  I I ' i n  and D . A .  S l a v n o v  

The rea l iza t ion  of a lgeb ra s  of obse rvab l e s  a s soc ia ted  with a neutral  s c a l a r  field in the 
p resence  of in te rac t ion  is cons ide red .  Requ i rements  on the S ma t r ix  a r e  formula ted  
under  which the a l geb ra s  sa t i s fy  the ax ioms  of the H a a g - A r a k i  a lgebra ic  approach .  

The main a i m  of the p re sen t  pape r  is, in the f r a m e w o r k  of the S -ma t r i x  approach,  to cons t ruc t  a net 
of a l g e b r a s  of obse rvab l e s  in the ca se  of an in teract ing neut ra l  s c a l a r  field.  The fulf i l lment  of the ax ioms of 
the H a a g - A r a k i  a lgebra ic  approach  will be t e s ted .  

In accordance  with the S - m a t r i x  approach,  we shall a s s u m e  that a quantum s y s t e m  can be adequately 
descr ibed  in t e r m s  of asympto t ic  concepts .  In pa r t i cu la r ,  a pure s tate  of a quantum s y s t e m  can be specif ied 
e i the r  by means  of the asympto t ic  in configurat ion r o r  the asymptot ic  out conf igura t ion  Wout. These  con-  
f igurat ions  a r e  ve c t o r s  of the Hi lber t  space  Y# and re la ted  by the un i ta ry  ope ra to r  S: xttout=SOin. 

The descr ip t ion  of a quantum s y s t e m  is inseparab ly  re la ted  to its in teract ion with ins t ruments .  These  
ins t rument s  mus t  be r ega rded  as  externa l  conditions (c lass icaI  f ields f ). Clear ly ,  the evolution of the s y s t e m  
depends on the ex te rna l  condit ions,  and the re fo re  the ope ra to r  S must  depend on f .  Thus,  if the s y s t e m  
developed under  "null" ex te rna l  conditions ( f  -- 0 ) and had in configurat ion O,n, then its out configurat ion 
would be Wo~t(0)=S(0)Ot,. If it were  to develop in externa l  conditions f and had the same  in configurat ion r 
then i ts  out configurat ion would be different:  Wout(f)=S(f)ffJt,, There fo re ,  the resu l t  of a m e a s u r e m e n t  made 
on the s y s t e m  by means  of the ins t rument  f can be assoc ia ted  with a di f ference between Wout(I) and To~,(0), 
i . e . ,  with a un i ta ry  o p e r a t o r  ~ A connection of this type between ope ra to r s  and obse rvab l e s  
was pointed out in [4]. The re ,  some  p r o p e r t i e s  of the a lgeb ra s  genera ted  by these o p e r a t o r s  were  invest igated.  
However ,  these  p r o p e r t i e s  were  not fully invest igated and not sufficiently accura te ly .  In the p re sen t  paper ,  
we analyze the a lgeb ra s  genera ted  by o-//(]) in the case  of a neutra l  s c a l a r  field. 

Real m e a s u r e m e n t s  a r e  made on a s y s t e m  in a bounded region of space t ime .  The re fo re ,  the 
co r respond ing  c l a s s i c a l  f ie lds  must  have compac t  support .  

The poss ib i l i ty  of formula t ing  a l geb ra s  of obse rvab l e s  in t e r m s  of the o p e r a t o r s  ~//(]) can be unde r -  
stood on the bas i s  of the following heur i s t i c  a rgumen t s  (s imultaneously,  we obtain the n e c e s s a r y  s t ruc tu re  of 
the c l a s s i ca l  f ields f ) .  

We proceed  f r o m  the canonical  f o r m  of the S mat r ix :  

S=o-'TexPli~ dx.~'(x)}, r i ~ d x ~  (x)}l  0> ,  

where  s is a local  un renorma l i zed  in terac t ion  Lagrangian  and 10) is the vacuum sta te .  Here ,  by the 
chronological  product  we unders tand the exp re s s ion  regu la r i zed  by means  of the R opera t ion .  In the case  of a 
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neutra l  field, as  a lgeb ra s  of o b s e r v a b l e s  one usual ly  unders tands  field a lgebras  that a r e  cons t ruc ted  f r o m  
Heisenberg  field o p e r a t o r s :  

A ( h ) =  ~ dxh(x)S+T(ep(x)S), h(x)E~(R'), 

where (p(x) is a f r ee  neutra l  s c a l a r  f ield.  

However ,  this  approach  encounte rs  g r e a t  diff icul t ies  a s soc ia ted  with the unboundedness of the A(h) .  
Note however  that if we mult iply by S + the S ma t r ix  cor responding  to a quantum-f ie ld  interact ion with a 
c l a s s i ca l  cu r r en t ,  which is usual ly  given by 

then the resul t ing  expres s ion  can be r ep re sen t ed  as  a s e r i e s  in chronological  products  of the compos i te  
f ields A(h ) .  Converse ly ,  A(x)  can be unders tood as the var ia t ional  der iva t ive  of S+S(h) at h = 0. It would 
the re fo re  be natura l  to expect  the a lgebras  of obse rvab l e s  to be genera ted  by the o p e r a t o r s  ~d(h)=S+S(h). 

However ,  in what follows we shall  see that to cons t ruc t  the local  net of a lgeb ras  of obse rvab les  in the 
genera l  case  the a lgeb ra s  genera ted  by ~ a r e  insuff icient ly l a rge .  Bes ides  the Heisenberg  fields A(h)  
it is n e c e s s a r y  to cons ide r  the in teract ion Lagrangian  

L ( g ) =  ~dxg(x)S+T(~(x)S), g(x) ~ (R~). 

Like the A(h) ,  the o p e r a t o r  L ( g )  is not bounded and the re fo re  we shall  cons t ruc t  the a lgebras  of obse rvab le s  
on the bas i s  of an S mat r ix  that depends on the c l a s s i ca l  cu r r en t  and the in teract ion switching on function: 

s(h, 'r exp{  s (1) 

This  express ion ,  multiplied f r o m  the left  by S +, can again be unders tood as  a s e r i e s  in chronological  
products  of the compos i te  f ields A(h)  and L ( g ) .  

Since Eq. (1) has  a r igorous  meaning only in the f r a m e w o r k  of per turba t ion  theory,  and we do not 
dispose of information about the convergence of the perturbation theories, we shall not use the explicit form 
(I) of the operators S(h, g) but extract from (i) only certain properties that we adopt as postulates. 

We formulate the main assumptions. 

I. The external conditions can be described by means of two real functions h(x) and g(x) in ~(R ~) 
(the space of tes t  functions with compac t  support) .  We denote them by [(x) =(h(x) ,  g(x)) and ~upp]~-supp hUsupp g, 
f,+fz= (h,+h~_, g~+g,_~). 

We shall  dis t inguish the space  of "ba re"  pa r t i c l e s  and the space of physical  asymptot ic  s ta tes  
( "d ressed"  pa r t i c l e s ) .  Accordingly,  we adopt the following pos tu la tes .  

II. Suppose ~d0 is the Fock space  of "ba re"  pa r t i c l e s .  Then for  any f there  ex i s t s  a un i t a ry  
o p e r a t o r  So( f ) on ~;~0 which in the f r a m e w o r k  of pe r tu rba t ion  theory  has  the f o r m  

s0(h, g ) = r  exp } 
IIl. Let  9~ be the space of physica l  asympto t ic  s t a tes .  Then for  any f there  ex is t s  a uni ta ry  

o p e r a t o r  S ( f )  on ~ that in the f r a m e w o r k  of pe r tu rba t ion  theory  could be specified by fo rmula  (1). 

In all  that follows, the index (~) denotes e i ther  (0) o r  the absence  of indices;  for  example ,  S a ( f )  is 
e i ther  S0( f ) o r  S ( f ) ,  e tc .  

IV. The causa l i ty  condition is sa t is f ied in the f o r m  proposed  in [4]: if supp ]~supp  ]~, then 

~'~ (],+]~+h) =S= (]~+h) Sk + (1~) S= ([~+h) �9 (2) 

The symbol  >~ means  l a t e r  o r  spacel ike .  Equation (2) is a consequence of a physical  r equ i rement :  s y s t e m s  
with identical  initial conditions develop in the s ame  way if they a re  subject  to the same condit ions.  

V. In 9g there  is defined a uni tary ,  s t rongly  continuous r ep resen ta t ion  5~=(a, A ) ~ V ( ~ )  of the 
r e s t r i c t e d  Poincar~  group,  the spec t ra l  condition holding. Note that in gd~ we have a ce r ta in  r ep resen ta t ion  
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