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A definition which is f ree  of in f ra red  d ivergences  is  proposed for  the S mat r ix  of s r e iaUv-  
ls t ic  theory of in teract ing charged p a r t i c l e s .  This  Is achieved by a modification of the 
asympto t ic  condition and the introduction of a new simce of asymptot ic  s ta tes .  This  stat~ 
di f fers  f rom the Fok space,  but is sepa rab le  and re la t lv is t ica l ly  and gauge Invariant.  The 
m a s s  opera to r  has no nonvanishing d i sc re te  e igenwlue , .  

In the presen t  paper ,  we shall  d iscuss  some aspec ts  of the sca~e r lng  problem in the relati~dsti~ 
quantum theory  of in teract ing charged par t ic les  and photons. The main resu l t  is the descr ipt ion of a space 
of asympto t ic  s ta tes  for  such a s y s t em  and the definition of ,an S mat r ix  that is f ree  of Inf rared  divergences.* 

The inf ra red  ca tas t rophe  has frequently been discussed,  the f i r s t  occasion being the c lass ica l  paper  
of Bloch ,mad NordMeck in 1937 [1~. The physical r easons  for  inf rared  divergence S a r e  well o.nder~tood 
and they do not lead to ,any pF:ysical p roblems.  However, the general ly  accepted fo rmal  t rea tment  of Lhe 
In f ra red  ca tas t rophe  Is not, in our view, completely  s a t i s f a ~ o r y .  

In textbooks on quantum elec t rodynamtcs ,  the r e a d e r  must  wres t l e  with Inf rared  divergcnc~.~. .and 
sum the probabi l i t ies  of a t ransi t ion f rom a ~.~ven initial s ta te  to all final s la tes ,  which include ~ot only 
detectable  par t ic les  but a lso  an a r b i t r a r y  number of "soft" photons (see f2}). An im0ortant  role  in the 
just if ication of this approach is played by ~ e  asympto t ic  formulas  for  the ~catterlng ampli tudes in the case  
~vht., the ar t i f ic ia l ly  introduced photon m a s s  tends to zero.  The gerteral form of these formulas  was de~ 
r ived in ~he ~x'~pers of Yennie c t a l .  [3]. 

In the class ' ,eal  method jus[ descri~)cd, the c ro s s  sections ~nd not the mat r ix  eIcm~'.~ts a ro - regarded  
as the p r i m a r y  objects~ The initial and'final s ta tes  a re  t reated as a s y m m e t r i c  and an S w~atrix is not de -  
fined at all. One is natural ly led to ask  whether these  fea tures  a r e  unavoidable and due to the physical  
na ture  of the problem or  whether  there  exis ts  nn altermative approach to I rdrared s ingular i t ies  in wFgch an 
S ma t r i x  can be defined, in the p resen t  paper,  we at tack the problem in this manner  and propose a version 
of the asymptot ic  condition which is  special ly  suited to a re la t iv is t ic  sys t em of charged par t ic les  and makes  
poss ib le  a c o r r e c t  definition of aa  S mat r ix .  

Our point of depar tu re  is Chung's  important  paper  [4]. Chung su rmised  how one can choose s ta tes  
containing a charged lxarticle and a superposi t ion of an infinite rmmber of photons In such a way ~ a t  the 
m a t r i x  e lements  of the F c y n m a n - D y s o n  S mat r ix  between these s la tes  a r e  finite and nonzero.  Chung~a 
genera l iza t ion of the construction of these  s ta tes  for  the case  of seve ra l  charged par t ic les  is  too unsophis-  
t icated; in par t icu lar ,  it ignores  the infinite Coulomb phase. 

Kibble [5] made some important  advances on Chung's  work. ite introduced a ve ry  l a rge  space 
asympto t i c  s ta tes  and showed that the F e y n m a n - D y s o n  S mat r ix  can be co r rec t ly  defined in this s ~ t e  as 
a uni tary  opera to r .  Klbble 's  space  is  nonseparable  and contains s ta tes  with an lnf ini tenumber  of soft photons. 
One can distinguish separab le  subspaces  of Kibble 's  space which a r e  mapped Into one another  by the S 

* The r e s u l t s  of th~.~ ~ p e r  were  b r ie f ly  reviewed by the authors  at the Scientific Session of the Nuclear 
Phys ics  Division of the Academy of Sciences of the USSR in May ,  1969, in Leningrad. 

Leningrad Branch, V. A. Steklov Mathematics  Institute,  Academy of Sciences of the U,S~.  Trm~s- 
fated f rom Teore t icheskaya  I Matemat icheskaya  Fizik~, Vol. 4, No. 2, pp. 153-t70,  August, 1970. Orig- 
inal a r t i c l e  submit ted March 23, 1970. 

0 1971 r B~eaB, 6 dt~iJiO~ o[ P l e ~  l'~,bti.Sint r 227 re ,z  i~tA S~ .~ ,  ~ w  ~o~k, 
N. F. IDOll. All r~hts re,erred. TAia article co~o! be reproduced for o~y purpose w~soever  w~tAomt 
permissioa o[ the publis~r. A cop7 o[ tAi~ otsicle is a~oilabir [roa t~e p,.blisAer for $)5.00. 

745 



matrix,  lIowever, there  Is no stable separable  subspaee f l in t  is mapped into itself.  This  is connected with 
the in f~ i t e  Coulomb phase contained in the S matr ix.  Kibbio's analytic ap~'~ratus is based on the asymp-  
totic formulas  for  the many-par t ic le  Green ' s  function nenl" the m~ss shell for  the charged part icles .* Thus, 
Kibble's definitions a re  based on the complete solution of the dynamlcal problem and a re  there fore  very  
cumbersome.  

Our approach differs  f rom these approaches in what wc modify not only the space of asymt~totic s tates  
but also the very  definition of the scat ter ing opera tor .  "l'hiN enables us to compensate  the Coulomb phas~ 
automatical ly and our space of asymptot ic  s tates  is 8cp~arablo and is no r i cher  in s ta tes  than the Fok sp~ee, 
The complete procedure  is suggested by the nonrel,~tivisi|v theory of scat ter ing by a long-range potential 
.and has a s imple physical in terpreta t ion.  We a re  not forced to solve the complete equations of quantum 
e lcc t rodynamies  in o rde r  to implement  our  program.  Thu~, we der ive  Chung's formulas  without laborious 
c~lculations and obtain their  co r r ec t  general izat ion in the ca~e of an a rb i t r a ry  number  of charged par t ic les  
and photons in the initial and  final s ta tes .  

F rom the mcthodolobdcaI point of view, the main resul t  of our paper is a re la t iv i s t | t a l ly  and gauge 
invariant  definition of the S mat r ix  and t~e space of asymptot ic  skates of the charged part ic les .  

M the present  paper,  we Lake ".he example of Coulomb scat ter ing to explain the main idea of our ap-  
proach. The hub of the idea is that tn the definition of the wave opera tors  we do not take exp{-iH0t  ~ but 
a more  suitable opera tor  Uas{t ) as the opera tor  of the asymptotic  dynamics. The choice of this opera tor  
is based on a natural  physical condition, namely,  the wave Imckets Uas(t)q at l a rge  itl must correspond 
to the c lass ical  motion of widely separated charged par t ic les .  "l"he actual choice of Uas(t ) for  quantum 
e lec t rodynamics  is d~scussed in Sections 2 and 3. In the next section, w e  introduce and discuss a space 
of s tates ,  different  f r o m  toFok ' s  space0for clxarged ~ r t i c l e s  and photons. In Section 5, we explain why 
this space c.'m be used ra tura l ly  as the space of asymptot ic  ~tates and we give the final definition of the 
S matr ix  and compare  our resu l t s  with those of Chung. 

The authors  a re  grateful  to  V. G. Gorshkov ,and V. N. Popov for numerous discussions of the prob-  
lems  of in f ra red  d ivergences .  

1 .  N o n r e l a t i v i s t i e  C o u l o m b  S c . a t t e r ! n g  

The sca t te r ing  of a nonrela t iv is t ic  l~article by a Coulomb potential may se rve  t o  i l lustrate  the main 
idea of our approach. The H.amiltonian of the sys tem has the form 

~t g =, I1o ~- V, 
n --- + - 7 

where m is the mass  of the p a r t | t i c s  and g is the product of the charges of the par t ic le  and the scat ter ing 
center .  The asymptot ic  behavior  of the potential V(t) in the int~:raction representa t ion can be easily cal-  
culated. One must  note that 

v{t} = p l - - - i T .  

The f i rs t  t e rm of this asymptot ic  express ion  cannot be intev,q'ated with respec t  t o t h e  t ime in the neighbor-  
hood of.infinity and its contribution to the dynamics cannot be neglected, even for  ~tl -- % In other  words 
the asymptot ic  dynamics  is  not descr ibed  by II 0 but by the explicitly t ime-dependent opera tor  t 

mg 
n , . { t )  = I ! .  + = :1~ 

Thewave  packets ~ (r, t) sat isfy the asymptotic SchrSdinger equation 

d 

*Such formulas  have a long his tory .  A generating functionM for  the Green ' s  functions which takes into 
account this asymptot ic  behavior  r igorously  was obtained by Fradkin [6]. 
t l lere ,  we have used the fact that the express ion for Vas(t ) is the same in both the Schr~linger  and the 
interact ion representa t ion.  
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