
C H A R A C T E R I S T I C  C L A S S  E N T E R I N G  I N  Q U A N T I Z A T I O N  C O N D I T I O N S  

V.  I .  A r n o l ' d  

Recent ly V. P. Maslov gave a ma thema t i ca l ly  r igorous  t r e a t m e n t  of mul t id imens ional  asymptot ic  
methods of "quas ic lass ica l "  type in the large,  i.e., for  any number  of conjugate points [1, 2]. I t  turned 
out that there  appea red  in the asympto t ic  fo rmulas  ce r t a in  integers ,  re f lec t ing  homologieal  p r o p e r t i e s  of 
curves  on su r f aces  of the phase  space  and c lose ly  r e l a t ed  to the Morse  indexes of the cor responding  
var ia t iona l  p rob l ems .  In par t i cu la r ,  Maslov defined a one-d imens iona l  c lass  of in t ege r -va lued  coho- 
mologies  whose values on the bas is  cyc les  en te r  into the so -ca l l ed  "quantization conditions." 

In this note we give new fo rmulas  for  the calculat ion of this c lass  of cohomologies .  This c lass  is 
c h a r a c t e r i s t i c  in the ca tegory  of r ea l  vec to r  bundles, whose complexi f ica t ion  is t r iv ia l  and t r iv ia l ized,  
and a lso  in ce r ta in  wider  ca tegor ies .  

§ i. NOTATION 

I.i. Phase Space 

Phase space will be 2n-dimensional real arithmetic space 

R = n = { x } ,  x = q ,  p; q = q l  . . . . .  qn; P = P ,  . . . . .  Pn. 

In R m we shall  consider  the following three  s t ruc tu re s :  

1. The Eucl idean s t ruc tu re ,  given by the s c a l a r  quadrat ic  

(x, x) -" p2 + q~. 

2. The complex s t ruc tu re ,  given by the ope ra to r  

I: R ~n-~R ~n, l (p ,  q ) = ( - - q ,  p); z : = p + i q ,  C n = { z } .  

3. The s implee t i e  s t ruc tu re ,  given by the s k e w - s c a l a r  p roduc t  

ix, yl  = (Ix,  y ) = - - i v ,  xl. (1) 

The au tomorph i sm groups  of R 2n p r e s e r v i n g  these s t r u c t u r e s  a re  called the orthogonal  group O(2n), 
the complex l inear  group GL(n, C), andthe s implec t ic  group 8p(n), r espec t ive ly .  F rom (1) there  follows 

LEMMA 1.1. An au tomorph i sm p r e s e r v i n g  two of these  s t r u c t u r e s  p r e s e r v e s  the th i rd  also, so that 

0 (2n) N GL (n, C) = GL (n, C) N Sp (n) = Sp (n) (-] O (2n) = U (n). 

T h e / m t o m o r p h i s m s  p r e s e r v i n g  two (and thus all three) s t r u c t u r e s  fo rm the uni tary group U(n). The 
de te rminan t  det of a uni tary  au tomorph i sm is  a complex number  with modulus 1. Thus there  a r i s e s  a 
mapping of II(n) onto the c i r c l e  

"det l 
SU (n) --* U (n) ~ S, (2) 

which is obviously a f iber ing (the f iber  is the group SU (n) of  uni tary  au tomorph i sms  with de te rminan t  1). 

1 . 2 .  T h e  L a g r a n g i a n  G r a s s m a n i a n h ( n )  

We cons ider  an n-d imens iona l  plane R n C R m .  It is cal led Lagrangian  if the s k e w - s c a l a r  product  
of any two vec to rs  of R n equals  zero.  F o r  example,  the planes p = 0 and q = 0 a re  Lagrangian.*  

The name comes  f rom the "Lagrange  b racke t s"  in c l a s s i ca l  mechan ics .  
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A(n). 
The manifold of all (nonoriented) Lagrangian subspaces of R m is called the Lagrangian Grassmanian 

From the complex point of view Lagrangian planes can be called rea l - s imi la r ,  since there holds 

LEMMA 1.2. The unitary group U(n) acts onA(n) transi t ively with s tat ionary subgroup O(n). 

Proof.  Let  X be a Lagrangian plane. By (1) this means that the plane IX is orthogonal to X. Let 

O (n) -~ U {n) --* A (n). (3) 

1 .3  T h e  M a p p i n g  D e t 2 :  A ( n ) ~  81 

The determinant  of an orthogonal automorphism AEO (n) C U(n) equals -1 .  Therefore  the square of 
the determinant  of a unitary automorphism car ry ing  the plane p = 0 into the Lagrangian plane X depends 
only on X. In this way a mapping is constructed 

Det~: A (n) ~ S 1. 

Denote by SA(n) the set of Lagrangian planes X~A(n) with Det2X = 1. On this set  the group SU(n) 
of unitary unimodular automorphism s acts transitively, and the stat ionary subgroup of any point is i so-  
morphic to the rotation group SO (n). Therefore  SAin) = SU (n)/SO in) is a manifold. 

Thus we obtain a d iagram (obviously commutative) of six fiberings: 

s o  (n) ~ o (n) ~ s °, 

"so (n) -~ U in) ~ S 1, 

SA (n) ~ A ( n ~  e~ S 1, 

where z 2 is the mapping of the c i rc le  (z = ei~P - -  e2irP = z2). 

1 . 4 .  T h e  C o h o m o l o g y  C l a s s  a E I t l ( A ( n ) ,  Z )  

LEMMA 1.4.1. The fundamental group A(n) is f ree  cyclic,  

~ (A (n)) = Z, 

and its genera tor  goes into the genera tor  of S 1 under the mapping induced by Det z. 

The proof  is obtained from the exact  homotopy sequences of the left column and lower row of the 
diagram of section 1.3. 

COROLLARY 1.4.2. The one-dimensional  homology and cohomology groups of Ain) a re  f ree cyclic:  

n~ (A(n), Z) ~ M' (A (n), Z)---~,(A(n))--~Z. 

For  the genera tor  c~ of the cohomology group HtiA(n), Z) we take the number of rotations of Det 2, 
i.e., the cocycle whose value on a closed curve T: SI ~ A(n) is equal to the degree of the composition 

I)ei t  
S ~ -L A (n) ~ S ~ 

(Here 8 ~ is the circle  eicP, oriented on the side of increas ing ~p.) 

Example 1.4.3. Let  X be a Lagrangian plane: XEA(n). Consider the automorphisms ei~EEU (n). 
The Lagrangian planes ei~0X (0 -< ¢-< zr) form a closed curve T: S1 - -  A(n), since e iTr E = - E .  

The value of the c lass  a on the curve T equals n. 

Indeed, det(eicpE) = ein¢, therefore Det2e icX = ezlnq~Det2X. 

X'EA(n) and ~, ~' be orthogonal f rames  in A, A'. Then the automorphism o f R  m car ry ing  ~ into ~' and 
I~ into I~' is unitary. 

F rom this lemma it follows that A(n) is a manifold, A(n) = U(n)/O (n); thus there is a fibering 


