
P R O O F  O F  G U D K O V ' S  H Y P O T H E S I S  

V -  A .  R o k h l i n  

1. I n t r o d u c t i o n .  We know tha t  a r e a l  a l g e b r a i c  c u r v e  of  d e g r e e  m can  p o s s e s s  not  m o r e  than  1 /2  
(m - 1) (m - 2) + 1 c o m p o n e n t s  in  R P  s. C u r v e s  wi th  th i s  m a x i m u m  n u m b e r  o f  c o m p o n e n t s  e x i s t  f o r  any  
m ,  do not  p o s s e s s  s i n g u l a r i t i e s  (ne i the r  r e a l  n o r  i m a g i n a r y ) ,  and a r e  t e r m e d  M c u r v e s .  In  the  c a s e  of  an  
even  m,  a l l  t he  c o m p o n e n t s  o f  a n o n s i n g u l a r  r e a l  a l g e b r a i c  c u r v e  o f  d e g r e e  m a r e  d i s t r i b u t e d  b i l a t e r a l l y  
in  R P  s and a r e  d i v i s i b l e  by  even  (conta ined  wi th in  an even  n u m b e r  of  the  o t h e r  componen t s )  and b y  odd 
( o t h e r  componen t s )  ; we deno te  by  p the  n u m b e r  of  even  c o m p o n e n t s ,  and by  n the  n u m b e r  of the  odd c o m -  
p o n e n t s .  

R e c e n t l y ,  A r n o l ' d  [1] p r o v e d  tha t  p - n --- k s rood 4 f o r  any M c u r v e  of even  d e g r e e  2k. In h i s  p a p e r ,  
A r n o l ' d  c o m m u n i c a t e s  tha t  the  s t r o n g e r  c o n g r u e n c e  p - n - k s mod  8 has  b e e n  f o r m u l a t e d  by Gudkov a s  a 
h y p o t h e s i s .  I t  fo l lows f r o m  Gudkov ' s  [2] r e s u l t s  tha t  t h i s  c o n g r u e n c e  ho lds  fo r  k -- 3 ( for  k = 1, 2, the  c o n -  
g r u e n c e  is  obv ious ) .  

In  the  p r e s e n t  note ,  we show tha t  p - n =- k 2 rood 8 f o r  any  M c u r v e  of any  e v e n  d e g r e e  2k. 

The  p r o o f  r e s t s  upon  the  b a s i c  i d e a s  s e t  for th  in A r n o l ' d ' s  p a p e r ;  h o w e v e r ,  u s e  is  made  of  m o r e  
s p e c i a l i z e d  f a c t s  in the topo logy  of  f o u r - d i m e n s i o n a l  m a n i f o l d s .  Since  a l l  of  t h e s e  fac t s  have  not b e e n  pub-  

l i s h e d ,  t hey  wi l l  be  ou t l i ned  in a s e p a r a t e  s e c t i o n .  

I would l ike  to u s e  th i s  oppo r tun i t y  to thank V. I .  A r n o l ' d  f o r  i n f o r m i n g  m e  about  h i s  w o r k  and fo r  
s h a r i n g  h i s  e n t h u s i a s m  wi th  m e .  

2. B r i e f  Out l ine  of  A r n o l ' d ' s  P a p e r .  Le t  A be  an a r b i t r a r y  M c u r v e  of  e v e n  d e g r e e  2k, and CA a 
c o m p l e x  c u r v e  de f ined  by  the  s a m e  equa t ion  in C P  2 (so +.hat A = CA N Rp2).  We know tha t  CA is  an  o r i e n t e d  
c l o s e d  s u r f a c e  of  k ind  (k - 1) (2k - 1), tha t  A d i v i d e s  CA in two,  and tha t  the  two h a l v e s  go into each  o t h e r  
u n d e r  c o m p l e x  c o n j u g a t i o n .  The  p r o j e c t i v e  p lane  R P  2 i s  a l s o  h a l v e d  by  c u r v e  A,  A s e r v i n g  as  the  i n t e r f a c e  
f o r  the  o r i e n t e d  p o r t i o n  RP2+ and the  n o n o r i e n t e d  p o r t i o n  R P 2 .  We wi l l  deno te  un ion  of  one o f ' t he  h a l v e s  of  
s u r f a c e  CA with Rp2+ b y  g .  The  p r i n c i p a l  t e c h n i c a l  o b s e r v a t i o n  made  by  A r n o t ' d ,  which  in the  fo l lowing 
wi l l  be  r e f e r r e d  to  a s  A r n o l ' d ' s  L e m m a ,  is  tha t  th i s  c l o s e d  p i e c e w i s e  s m o o t h  s u r f a c e  r e a l i z e s  a z e r o  o f  

the  g roup  H2(CI~; Z 2) = Z s f o r  an  even  k,  and  a va lue  o t h e r  than  z e r o  for  an odd k .  

L e t  Y be  the  b r a n c h e d  double  c o v e r i n g  of  man i fo ld  C P  2, b r a n c h i n g  a long  CA and p o s s e s s i n g  a n a t u r a l  
c o m p l e x  s t r u c t u r e ,  le t  r :  y ~ y b e  a n o n i d e n t i c a l  a u t o m o r p h i s m  o f  the  c o v e r i n g ,  and ~: Y ~ Y be a c o m -  
p l e x  con juga t ion .  The  m a n i f o l d s  F ix  r and F ix  or of  the f ixed po in ts  of  involu t ions  r and a c o i n c i d e  with  the  
i n v e r s e  i m a g e s  of  the  man i fo ld s  CA and RP2+ fo r  the  c o v e r i n g  Y ~ C P  2. F r o m  h e r e ,  wi th  the  a id  of 
A r n o l ' d ' s  L e m m a ,  i t  i s  not  d i f f i cu l t  to deduce  tha t  t hey  r e a l i z e  the  s a m e  e l e m e n t  of g roup  H2(Y; Z2). Both 
o f  t h e m  a r e  o r i e n t e d ,  whi le  the  i n t e r s e c t i o n  i nd i ce s  of  the e l e m e n t s  t and s of  the  i n t e g r a l  g roup  H2(Y), 
which  a r e  r e a l i z e d  by  t h e m ,  a r e  de f ined  by  the f o r m u l a s  t 2 = 2k s, t s  = 0, s s = 2 ( n -  p) .  The c l a s s  w2(y) is  
a l s o  e a s y  to e v a l u a t e :  i t  i s  z e r o  f o r  an  odd k and is dua l ,  in P o i n c a r f ' s  s e n s e ,  t o t h e  c l a s s  r e a l i z e d  by  the 
m a n i f o l d  F i x  T f o r  an  even  k .  Consequen t ly ,  (s + t) 2 = 0 mod  8 fo r  an odd k,  and s 2 - t 2 mod  8 fo r  an  even  
k,  which m e a n s  tha t  p - n - k s mod  4. 

3. T o p o l o g i c a l  R e g r e s s i o n .  Le t  X be  an o r i e n t e d  c l o s e d  smoo th  f o u r - d i m e n s i o n a l  man i fo ld  wi th  
HI(X; Z s) = 0 and F i ts  o r i e n t a b l e  ( c losed ,  t w o - d i m e n s i o n a l )  s u b m a n i f o l d  tha t  r e a l i z e s  an  e l e m e n t  of  g roup  
H2(X; Z2), which i s  dua l  to w2(X). The  c o m p a c t  t w o - d i m e n s i o n a l  s u b m a n i f o l d  P of  man i fo ld  X is  t e r m e d  
the  m e m b r a n e  on F ,  i f  the  i n t e r s e c t i o n  P f3 F c o n s i s t s  of  the  edge  DP a long  which  P does  not  touch on F ,  
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and of  a f in i te  n u m b e r  of po in t s  a t  which the  i n t e r s e c t i o n  i s  t r a n s v e r s e .  If we c o n s t r u c t  a v e c t o r  f i e ld  on 
~P,  which  touches  on F and does  not  touch  on P ,  the  a t t e m p t  a t  con t inu ing  the v e c t o r  f i e ld  wi thout  touch ing  
on P l eads  to a t w o - d i m e n s i o n a l  o b s t r u c t i o n  with  an i n t e r g r a l  index tha t  i s  i ndependen t  of the  f ie ld  s e l e c t e d  
on a P ,  and which is t e r m e d  the index  of m e m b r a n e  P .  I t  a p p e a r s  tha t  the  m o d u l o - 2  r e d u c e d  s u m  of th i s  
index  and of  the  n u m b e r  of  po in t s  of  which  the i n t e r s e c t i o n  (Int P) f~ F is  c o m p o s e d  does  not change  when 
any  e t h e r  m e m b r a n e  with  the  s a m e  edge  aP  i s  s u b s t i t u t e d  fo r  m e m b r a n e  P and,  m o r e o v e r ,  is  de f ined  by  
the  e l e m e n t  of  g roup  HI(F;  Z2), which  is  r e a l i z e d  by  the edge DPo The funct ion ~: HI(F;  Z 2) ~ Z 2 thus gen -  
e r a t e d  s a t i s f i e s  the  r e l a t i o n  ~ (~ + 8) = ~; (~) + t~ ([3)÷ a ~ ,  and de f ines  in  the  conven t iona l  m a n n e r  the i n -  
v a r i a n t  A r f ,  which  in the  fo l lowing wi l l  b e  deno ted  b y  A r f  (F) .  (If a l  . . . . .  a~; ~1 . . . . .  ~q i s  the  c a n o n i c a l  
b a s i s  in  HI(F;  Z2), then  Arf (F)  = ~(~1)~(~1) + . - -  +~(aq)~9(~q) ; the  c a n o n i c a l i t y  of  the  b a s i s  a l  . . . . .  %;  

]3~ . . . . .  ~ m e a n s  tha t  a1~1 . . . . .  a q ~ =  i , and  tha t  a l l  t he  r e m a i n i n g  i n t e r s e c t i o n  i n d i c e s  a r e  ze ro . )  

A f u n d a m e n t a l  p r o p e r t y  of  the  i n v a r i a n t  A r f  (F) i s  t ha t  i t  i s  r e l a t e d  by  the c o n g r u e n c e  x(F)  - a(X) -= 
8 A r f  (F) mod  16 to the  n o r m a l  E u l e r  n u m b e r  x(F)  of  s u r f a c e  F and to the  s i g n a t u r e  a(X) of  m a n i f o l d  X. 
In p a r t i c u l a r ,  A r f  (F) i s  an  i n v a r i a n t  of  an  i n t e g r a l  c l a s s  of  i n t r i n s i c  h o m o l o g i e s  r e a l i z e d  by  s u r f a c e  F,  
and  i s  an  i n v a r i a n t  o f  a c l a s s  of  i n t r i n s i c  h o m o l o g i e s  of  the  p a i r  X, F.  I t  can  be  de f ined  even  wi thout  the  
a s s u m p t i o n  tha t  Hi(X; Z 2) = 0, h o w e v e r ,  t h i s  g e n e r a l  de f in i t i on  is  l e s s  e f f ec t ive  and i s  not  r e q u i r e d  in the 
fo l lowing :  In the s i m p l e s t  c a s e  w h e r e  F is a s p h e r e ,  the  p r e c e d i n g  c o n g r u e n c e  r e d u c e s  to the known t h e o r e m  
of  K e r v a i r e  and M i l n o r  [3]. 

4. P r o o f  of  The  C o n g r u e n c e  p - n - k 2 mod  8. I t  i s  e s s e n t i a l  f o r  the  fo l lowing tha t  m a n i f o l d  Y ( see  
See .  2) be  s i m p l y  connec t ed .  We a s s u m e  f i r s t  tha t  k is  odd .  Then  the man i fo ld  F = F ix  ( r  o ~)  of  the  f ixed  
po in t s  of  invo lu t ion  r on :  Y - -  Y i s  o r i e n t a b l e ,  and f r o m  what  was  a s s e r t e d  in Sec .  2, i t  is  not d i f f i cu l t  to 
d e d u c e  tha t  i t  r e a l i z e s  a z e r o  o f  g r o u p  H2(Y; Z2). S ince ,  w2(Y) = 0 a t  the  s a m e  t i m e ,  the  i n v a r i a n t  A r f  (F) 
i s  de f ined  and s a t i s f i e s  the  c o n g r u e n c e  x(F)--~ (]2)~8 Arf (F) rood t6, in which  the  E u l e r  n u m b e r  x(F) (as 
c a n  be  e a s i l y  computed)  i s  2(p - n - 1) and a(Y) ,  a s  fo l lows f r o m  the  f o r m u l a  ~ (Y) = 2 - 2k 2 ( s ee ,  fo r  e x -  
a m p l e ,  [4]), o r  f r o m  e q u a l i t y  w2(Y) =0,  i s  d i v i s i b l e  by  16. Thus ,  the  c o n g r u e n c e  b e i n g  p r o v e d  is  equ iva l en t  
to  the  e q u a l i t y  A r f  (F) = 0. Th i s  e q u a l i t y  i s  a c o r o l l a r y  of  the a l m o s t  obvious  fact  tha t  g roup  Hi (F ;  Z 2) 
p o s s e s s e s  a c a n o n i c a l  b a s i s  a l  . . . . .  ap; ]31 . . . . .  ~p wi th  ~ (~)  . . . .  = $ (~p) --  0 ; the  c l a s s e s  a l  . . . . .  
a p  a r e  r e a l i z e d  by  the i n v e r s e  i m a g e s  of  the  even  c o m p o n e n t s  of  c u r v e  A in the c a s e  of the  c o v e r i n g  Y 
C P  2, whi le  the  c l a s s e s  f l l  . . . . .  tip a r e  r e a l i z e d  by  the  i n v e r s e  i m a g e s  of the p s e c t i o n s  of  m a n i f o l d  R P  2, 
which  t r a n s f o r m  i ts  c o m p o n e n t s  in to  t o p o l o g i c a l  c i r c l e s  and which  jo in  the  even  and odd componen t s  of  
c u r v e  A (that ~ (fli) = 0 fo l lows  f r o m  s y m m e t r y  c o n s i d e r a t i o n s ) .  

We now a s s u m e  tha t  k i s  even .  We r e a l i z e  c l a s s  t I = t / k  6 H2(Y) ( image  of  the  g e n e r a t i n g  g roup  
H2(CP 2) fo r  t he  i n v e r s e  Hopf  h o m o m o r p h i s m  tha t  c o r r e s p o n d s  to the  c o v e r i n g  Y ~ C P  2) of  s u b m a n i f o l d  F 1 
tha t  does  not  i n t e r s e c t  F ix  a ,  and  s e t  F = F 1 U F ix  a .  Submani fo ld  F r e a l i z e s  an  e l e m e n t  of  g roup  H2(Y; Z2), 
tha t  i s  dua l  to  w2(Y), so  tha t  i n v a r i a n t  A r f  (F) i s  a g a i n  de f ined  and s a t i s f i e s  the  c o n g r u e n c e  x(F) - a ( Y )  - 
8 A r f  (F) mod  16. S i m p l e  c a l c u l a t i o n s  show tha t  x(F)  = 2(n - p + 1), and tha t  A r f  (F) = 0. By s u b s t i t u t i n g  
t h e s e  v a l u e s  t o g e t h e r  wi th  the  va lue  a (Y) = 2 - 2k 2 into the  p r e c e d i n g  c o n g r u e n c e ,  one can  see  tha t  p - n -= 
k 2 m o d 8 .  I t  i s  n o t e w o r t h y  tha t  t h i s  r e a s o n i n g  ho lds  a l s o  f o r  an  odd k; the  p r o o f  of  the  e q u a l i t y  A r f  (F) = 0, 
h o w e v e r ,  i s  m o r e  c o m p l i c a t e d .  

5. Conc lud ing  R e m a r k :  A r n o l ' d ' s  T h e o r e m  and the G e n e r a l i z e d  Whi tney  T h e o r e m .  It  i s  s t r i k i n g  
tha t  the  p a s s a g e  f r o m  m a n i f o l d  C P  2 to i t s  b r a n c h e d  double  c o v e r i n g ,  p r o p o s e d  by  A r n o l ' d  (and u s e d  in Sec .  
4), i s  qu i te  u n n e c e s s a r y  f o r  p r o v i n g  A r n o l ' d ' s  c o n g r u e n c e  p - n --- k 2 mod  4, and tha t  th is  c o n g r u e n c e  m a y  
be  d e r i v e d  d i r e c t l y  f r o m  A r n o l ' d ' s  l e m m a  by m a k i n g  u s e  of  an  e l e m e n t a r y  t h e o r e m  in f o u r - d i m e n s i o n a l  
t o p o l o g y .  Th i s  t h e o r e m  g e n e r a l i z e s  the  w e l l - k n o w n  Whi tney  t h e o r e m  about  the  n o r m a l  E u l e r  n u m b e r s  of 
c l o s e d  s u r f a c e s  in  R 4 ( see  [5]), and s t a t e s  tha t  i f  F i s  a ( c l o sed  t w o - d i m e n s i o n a l )  s u b m a n i f o l d  of an o r i e n t e d  
s m o o t h  c o n n e c t e d  f o u r - d i m e n s i o n a l  man i fo ld  X, which  r e a l i z e s  an  e l e m e n t  of  g roup  H2(X; Z 2) tha t  i s  dual  to 
w2(X), then  the E u l e r  c h a r a c t e r i s t i c  X(F), the  n o r m a l  E u l e r  n u m b e r  x (F) ,  and  the  s i g n a t u r e  a(X) a r e  r e l a t e d  
b y  the  c o n g r u e n c e  2Z (F) + x (F) ~ ~ (X) rood 4 (the s u b m a n i f o l d  F is  not a s s u m e d  to be  o r i e n t a b l e ,  and the 
W hi tney  t h e o r e m  r e s u l t s f o r  X = $4). In  o r d e r  to p r o v e  A r n o l ' d ' s  c o n g r u e n c e  fo r  an  odd k,  i t  i s  su f f i c i en t  to 
a p p l y  t h i s  t h e o r e m  to a s u r f a c e  ~/ s m o o t h e d  by  n a t u r a l  m e a n s  (CA and R P  2 do not touch on each  o t h e r ! ) ,  
t a k i n g  into c o n s i d e r a t i o n  tha t  fo r  t h i s  s u r f a c e  X = [2 - -  (p + n)] + (p - -  n) = 2--2n,  and x = 2k 2 + (n - p) ,  
and  tha t  a ( C P  2 = 1. F o r  an  even  k,  the  p r o o f  i s  c a r r i e d  out  in  the  s a m e  fash ion ,  e x c e p t  tha t  9I is  r e p l a c e d  
by  the  un ion  of  the  h a l f - s u r f a c e  CA wi th  R P  2. 
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