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METHOD OF ORBITS IN THE REPRESENTATION 

THEORY OF COMPLEX LIE GROUPS 

V. A .  G i n z b u r g  UDC 519.46 

1 .  I n t r o d u c t i o n  

The method of orbi ts  (see [2, 3, and 13]) or ig ina ted  as a method of cons t ruc t ing  a la rge  c lass  of uni tary  
r ep re sen t a t i ons  of an a r b i t r a r y  Lie group.  Each  r e p r e s e n t a t i o n  is defined by an orb i t  of the group in the space  
dual to its Lie a lgebra ,  and it  s e e m s  that  one can exp res s  in t e r m s  of an orb i t  the p rope r t i e s  of the c o r r e s p o n d -  
ing r ep resen ta t ion :  to ca lcula te  its c h a r a c t e r ,  the s p e c t r u m  of the r e s t r i c t i o n  to a subgroup,  etc.  

In the work  of the F rench  School,  the a lgebra ic  ve r s i on  of the method of orbi ts  is used  to study envelop-  
ing a l g e b r a s ,  the i r  c e n t e r s ,  and p r imi t ive  ideals  (i.e.,  the kerne ls  of i r r educ ib le  r ep resen ta t ions ) .  In p a r -  
t i cu la r ,  for  so lvable  Lie a l g e b r a s ,  they have succeeded  in desc r ib ing  the s t r u c t u r e  of the field of pa r t i a l  en-  
velopings of the a lgebra ,  and finding all i ts  p r imi t ive  ideals  (see [1, 4]). S imi la r  r e su l t s  a r e  p roved  by induc- 
tion on the d imension  of a Lie a lgebra .  This  method runs into diff icul t ies  when the Lie a lgeb ra  is unsolvable .  
Somet imes  these  diff icult ies  can be o v e r c o m e ,  but the c o m p l e x i t y  of the r e l evan t  proofs i n c r e a s e s  c o n s i d e r -  
ably. The d i r ec t  methods put fo rward  in the p r e sen t  a r t i c l e  al low us both to s impl i fy  the proofs of ce r t a in  
s t andard  t h e o r e m s ,  and to obtain new r e su l t s .  Our approach  is i n t e rmed ia t e  between the analyt ic  and a lgebra ic  
ones.  It is c lose  to the theory  of quantizat ion,  whose connection with the method of orb i t s  was d i scovered  by 
Kostant  [3]. 

We br ie f ly  s ta te  our main  r e su l t s .  We cons ider  the se t  of genera l i zed  functions concen t ra ted  on the iden-  
t i ty of a Lie group G. They f o r m  an a lgeb ra  under  convolution that is none o ther  than the enveloping a lgeb ra  
U (~) of the Lie a l geb ra  ~ co r re spond ing  to the group G. If G is R n, then the Fou r i e r  t r a n s f o r m a t i o n  e s t ab -  

l i shes  an i s o m o r p h i s m  between U (~) and a lgebras  of polynomials .  It turns out that  if  G is a r b i t r a r y ,  then there  
is a mapping (we denote it  by J) of the a lgeb ra  U (g) into the s e t  E [~*] of polynomials  on the dual space  g* of 
that  plays the s a m e  ro le  as the F o u r i e r  t r a n s f o r m a t i o n  in the above example .  By means  of J we c a r r y  over  the 
mul t ip l ica t ion f r o m  U (~) into E [~*] [i.e.,  we define it  by the fo rmula  ~ o ~F =.7 (j-loll . .7-1~) ]. When G = R n, 
this opera t ion  is the usual  product .  In the gene ra l  case  it sends  the space  of polynomials  into an a lgebra  H 
i somorph ic  to U (~). By going over  f r o m  U (g) to H we can cons t ruc t  a fa i r ly  la rge  commuta t ive  s u b a l g e b r a  in 
U (~): the co r respond ing  suba lgeb ra  in H cons i s t s  of al l  polynomials  cons tant  on spec i f ied  submanifolds  in 6".  

We i l lus t ra te  the cons t ruc t ion  of these  submanifolds  by the example  of the group G = SL (2, R). It can be 
v e r i f i e d  that  the orbi ts  of the act ion of G = SL (2, R) in g* that  is dual to the a s soc i a t ed  act ion in g a r e  h y p e r -  
boloids (or the i r  components)  in the t h r ee -d imens iona l  space  ~*. In a sui table  Ca r t e s i an  coord ina te  s y s t e m  
they a re  defined by the equations x 2 + y2 = z 2 + c. We cons ider  the domain  of the hyperboloids  of one shee t  
(c > 0). It is a s t andard  fac t  that such  a hyperboloid  has a s y s t e m  of l inear  g e n e r a t o r s  which can be chosen in 
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two ways. For each hyperboloid we fix one of these ways so that the systems chosen on near hyperboloids are 
compatible. We define A as the subspace of those polynomials that are constant on each linear generator of 

each hyperboloid. It turns out that A is a commutative subalgebra in H, and the operation in H coincides in A 

with the usual multiplication of polynomials. In other words, the restriction of the mapping y-~: C [S*] -+ U (S) 

to A is a homomorphism of algebras. 

We can choose a subalgebra A with these properties in the case of an arbitrary complex Lie group G. 
As a corollary we obtain the following result of Dufio (see [I, 5, and 8]): J is an isomorphism of the center of 
U (S) onto a ring of polynomials on S* invariant under G. For semisimple Lie algebras this fact was dis- 

covered by Harish-Chandra. 

We consider the representation ~2 of a Lie algebra ~ that corresponds to an orbit ~ in general position. 
We extend it to a representation of the algebra U (S) with H (by using J); we can regard ~ as a representation 
of H. Then it turns out that the elements of the commutative subalgebra A go over into diagonal operators. 
More precisely, ,v~2 can be realized in the space of cross sections of the bundle over ~, and it sends a func- 
tion ~ ~ A into the operator of multiplication by ~. In particular, the center of U (S) goes into scalar opera- 

tors: ~2(z) = J(z)I~2. 

Next we consider ,~Z as a unitary representation of a group G. The character of ~ is a generalized func- 
tion on G, which is closely connected with the b-function of the orbit ~. For orbits in general position we shall 
prove that tr ;~2 = j-I (5~) (supporting a conjecture of Kirillov). 

The material in this article is arranged as follows: the basic definitions, constructions, and theorems 
(with outlines of a part of the proofs) are gathered together in Sec. 2. The principal results are proved in Sec. 
3 by "deforming" Lie algebras and their representations. The proofs of assertions about polarization are pre- 
sented in Sec. 4. 

The main results of the present article were announced in [9]. The author is glad to have this oppor- 
tunity to thank A. A. Kirillov for stimulating discussions on the theory of representations. 

2. Definitions and Basic Results 

Let G be a connected complex Lie group, and ~ be its Lie algebra. The space ~* dual to ~ splits into 
orbits under the action of G dual to the associated action. Every G-orbit is a symplectic manifold. We recall 
the construction Of a 2-form on an orbit. In accordance with the action of G in ~*, to an element x ~ ~ there 
corresponds a vector field ~x (of an infinitesimal translation) touching the orbit. The value of a 2-form on the 
vector fields ~x and ~y at a point f is f([x, y]). 

A subalgebra ~ of ~ that is also a maximal isotropic subspace of the form f([x, y]) (defined on ~) is 
called a polarization of the functional f. It is a fact that if an orbit through f has maximal dimension (in which 
case f is called a regular point), then polarizations of f exist. If, e.g., ~ is semisimple and f is a functional 
dual to a vector in general position in a Cartan subalgebra, then ~ can be taken to be a Borel subalgebra. 

On an orbit containing f each polarization defines a Lagrange distribution in a neighborhood of f. To de- 
termine it we must consider the image of ~ under the mapping x ~ ~x(f) of the algebra ~ onto the tangent space 
to the orbit at f, and extend the resulting subspace to other points of the orbit. It can be verified that close 
to f the result does not depend on the method of extension and defines a G-invariant integrable Lagrangian 
fibration in a neighborhood of f. We obtain (locally) a partition of an orbit into fibers. Another method of ob- 
taining the fiber through f is to consider the orbits of f under the subgroup P corresponding to the algebra ~. 

It turns out [13] that every fiber is flplane." More precisely, let ~± be the subspaee of ~* consisting of 
functionals that annihilate ~. Then the following proposition holds. 

Proposition 2.1. The fiber Pf is an open dense set in the linear manifold ] -5 ~± whose complement is an 
algebraic submanifold in f -5 p± 

Proof. First of all, / -5 ~± is stable under P; therefore Pf ~__ f -5 ~i. We prove that Pf and / -5 ~ have 
the same dimension. For l~_~* we consider the formB z(x,y) ~ l([x,y]),x,y~. We setn=I/2rankBf; 
then the Lagrange manifold of Pf is n-dimensional. If the dimension of the kernel Bf is k, then dim ~ ~ 2n -5 k, 
and dim ~ ~ n-5 k, so that dim~± ~ dim~-- dim~ ~ n. 

In fact, the fiber Pf coincides with the set ~- of all those points / ~ / -5 ~± for which rankB/-> rankBf. 
For the dimension of a polarization decreases as rank Bf increases; hence ~ is a polarization of any point of ~-. 
Therefore, the P-orbits partition ~- into open sets. But ~- is connected since its complement is a complex 
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