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A b s t r a c t  

We define v iabi l i ty  tubes and invar ian t  tubes of a d i f fe ren t ia l  inclusion, we 
study some asymptotic  p rope r t i e s  and we c h a r a c t e r i z e  them by showing tha t  the  
indicator  funct ions of t he i r  graphs a r e  solutions to the cont ingent  Hamllton-Jacobi 
equation. We prov ide  some examples of viabi l i ty  tubes. 
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I n t r o d u c t i o n  

Let  X b e  a f i n i t e  d i m e n s i o n a l  v e c t o r  s p a c e  a n d  F : [o ~ [ x  X -~ X a s e t - v a l u e d  
map which  a s s o c i a t e s  wi th  a n y  s t a t e  ~- c X a n d  any  t ime  t t h e  s u b s e t  F ( t  , z )  of  
v e l o c i t i e s  of  t h e  s y s t e m .  The  e v o l u t i o n  o f  t h e  s y s t e m  is g o v e r n e d  by  t h e  d i f f e r e n -  
t i a l  i n c l u s i o n  

(*) z ' ( t )  e F ( t  , z ( t ) )  . z ( t  o) = z  o 

We c o n s i d e r  now " t u b e s " ,  I .e . ,  s e t - v a l u e d  maps  t -o_P(t)  f r o m  [o , --[ t o  X. We 
s a y  t h a t  a t r a j e c t o r y  t -~ z ( t )  E X is " v i a b l e "  (In t h e  t u b e  ~ )  i f  

(**) Vt > 0, z(t) e£(t) 

A tube Z' enjoys the viability property If and only if, for all t o ~ 0 and 

z o e~P(to), there exists at least a solution z(-) to the differential inclusion (*) 

which is v iab le .  

R e m a r k  

A s i m p l e - v a l u e d  t u b e  t -* ~z( t )~  e n j o y s  t h e  v i a b i l i t y  p r o p e r t y  If a n d  o n l y  I f  
x ( - )  is  a s o l u t i o n  t o  t h e  d i f f e r e n t i a l  i n c l u s i o n  (*). So  I t  is  l e g l t l m e  t o  r e g a r d  a t u b e  
having the viability property as a "multlvalued solution" to the differential inclu- 
sion (1). 

The k n o w l e d g e  or  a t u b e  e n j o y i n g  t h e  v i a b i l i t y  p r o p e r t y  a l l o w s  t o  i n f e r  some 
i n f o r m a t l o n s  upon  t h e  a s y m p t o t i c  b e h a v i o u r  o f  some s o l u t i o n s  t o  t h e  d i f f e r e n t i a l  
inclusion (1), as we do wlth LlJapunov functions. They also share the same disad- 
vantages: t h e  d y n a m i c s  F b e i n g  g iven ,  how do we c o n s t r u c t  t h e  t u b e s  o f  F ?  

We s h a l l  b e g i n  by  c h a r a c t e r i z i n g  s u c h  t u b e s  a s  " v i a b i l i t y  t u b e s " .  F o r  t h a t  
p u r p o s e ,  we n e e d  a n  a d e q u a t e  c o n c e p t  of  d e r i v a t i v e  of  s e t - v a l u e d  map,  t h e  " c o n -  
t i n g e n t  d e r i v a t i v e "  d e f i n e d  a s  fol lows:  

Ir z ~ E ( t  ) . u b e l o n g s  to D_P(t , z )  (1)  If l t m i n  f d (t~ , _P ( t  + h )  - - x  ) = 0 
h , , O +  h 

Viab i l i t y  t u b e s  a r e  t h o s e  t u b e s  s a t i s f y i n g  

( ' * * ) ~ f t  : - 0 ,  V x  f -_~( t ) ,  F ( t  , z ) A D ~ _ P ( t  , z ) ( 1 )  ( ~b 

We c a n  r e g a r d  (***) h a s  a " d i f f e r e n t i a l  e q u a t i o n  f o r  t u b e s " .  

We p r o v e  in  t h e  s e c o n d  s e c t i o n  t h a t  t h e  " l imi t "  when  t -~ --  of  a v i a b i l i t y  t u b e  
#_P(t) (namely .  t h e  K u r a t o w s k l  l lmsup)  is  a v i a b i l i t y  domain :  h e n c e  t a r g e t s  of  a d i f -  
f e r e n t i a l  inclusion are necessarily viability domains. We construct In the fourth 
section the largest viability tube "converging" to a given target. We also provide 
a surjectlvlty criterion which is useful for solving such problems. 

We can characterize viability tubes ..P(t) by the Indicator functions VE of their 

graphs, defined by: Vzf(t , z) : =0 If z e~P(t), + m If not. We thus observe that.P 

Is a viability tube if and only if ~ is a solution to the "contingent Hamilton-Jacobi 
e q u a t i o n " .  

~,nf  D .  V(t  , = ) ( 1 ,  ~ )  = 0 
v cF(t , z )  

where 

D ,  v ( ¢ .  z ) ( 1 .  ~ )  • = ~ n !  v ( t  + h .  z + h ~ ' )  - v ( t .  z )  
h , , O +  h 

v~*-o U 

ls t he  con t i ngen t  e p l d e r i v a t i v e  o f  V a t  ( t  , ~ )  in t he  d i r e c t i o n  ( 1 .  t/J. 

We then  [nvesUgate  tubes enJoylng a dua l  p r o p e r t y ,  t he  ~ v ~ a r t a n c e  ~oroper t l / :  
f o r  a l l  t o ~= o and z o ~ ~F(t0), ~ l t  so lu t ions  t o  t he  d i f f e r e n t i a l  I nc lus lon  a r e  v i ab le .  


