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ABSTRACT 

The purpose  of the p resen t  pape r  is to demonst ra te  topo log ica l  p r o p e r t i e s  of 

observab le  reg ions  in a d i s t r i b u t e d  p a r a m e t e r  system. A pa rabo l i c  parL ia l  d i f -  

f e ren t i a l  equation with constant  coef f ic ien ts  is considered.  According to $akawa's  

definition, observab i l i ty  is defined to be the possibil i ty of the unique determinat ion  

of the initial value by point measurements,  o r  by spat ia l ly  ave raged  measurements.  

Fur thermore ,  n-mode observab l l i ty  is defined to be the possibi l i ty of the unique 

de te rmina t ion  of the coe f f i c ien ts  co r respond ing  to the f i r s t  n eigenvalues, based 

on the expansion of the solut ion by e igenfunet ions.  Then I t  is p roved  thaL n-mode 

obse rvab i l l t y  Is gener ic ,  tha t  is, open and dense, whereas o b s e r v a b i l i t y  Is shown to 

be dense in the whole space of measurements. In case of po in t  measurements, i t  is 

shown tha t  o b s e r v a b i l i t y  is va l id  almost ev.erywhere wi th respec t  to  the Lebesque 

measure. Moreover  gene r l c l t y  of  n -mode c o n t r o l l a b i l i t y  and the re l a ted  p r o p e r -  

Lies of  conLro l l ab i t i t y  writ be shown f o r  the  dual  systems wiLh cont ro ls .  

1. I n t r o d u c t i o n  

The problem of observabi l l ty  in d is t r ibu ted  p a r a m e t e r  systems has a d i f fe ren t  

aspect  f rom Lhat in lumped p a r a m e t e r  systems, because the f o r m e r  includes the 

spec i f i ca t ion  of  the spat ia l  d i s t r i bu t i on  of  measurements, which we need not  take 

into account  f o r  o r d i n a r y  d i f f e r e n t i a l  equat ions. For  example,  in d i s t r i b u t e d  sys- 

tems we have some loca l  in fo rmat ion  of Lhe s la te  va r i ab le  such as the po in t  meas- 

urement which should be extended to the whole spat ia l  domain. T h e r e f o r e  some 
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efforts have been devoted to the unique determlnation of the slate from local 

m e a s u r e m e n t s .  

Goodson  and  Klein  [1] c o n s i d e r e d  t h e  p r o b l e m  of  u n i q u e n e s s  with  r e s p e c t  to  

po in t  o b s e r v a t i o n .  M o r e o v e r  t h e y  p r o p o s e d  t h e  d e f i n i t i o n  of  n - m o d e  o b s e r v a b i l -  

Ity. which means  t h e  c o e f f i c i e n t s  thai ,  c o r r e s p o n d  to  f i r s t  n e i g e n v a l u e s  in t h e  

e i g e n f u n c t l o n  e x p a n s i o n  of  t h e  i n i t t a i  s l a t e  is un ique ly  d e t e r m i n e d .  F u r t h e r m o r e ,  

Sakawa  [4] c o n s i d e r e d  a b r o a d e r  c l a s s  of  p a r a b o l i c  s y s t e m s  and  g a v e  t h e  c o n d i -  

t ions  of  o b s e r v a b i l i t y  wi th respec t  to po in t  measurement and spa t ia l l y  ave raged  

measurement. 

In view of t h e i r  resu l ts ,  the measurement space can be d iv ided in to  two 

regions,  one where  obse rvab l l i t y  holds and the o t h e r  where some po r t i ons  of  the 

s la te  is "unobservab le" .  Here  a p rob lem of topo log ica l  p r o p e r t i e s  of  the observ -  

ab le  reg ion  ar ises.  For  example, in case of  lumped pa rame te r  systems, obse rvab l l -  

i ty  has been p roved  to be gener ic ,  tha t  is, open and dense in the whole domain of  

d e f i n i t i o n  (of.  Wonham [6]) .  

We consider here this problem with respect to a class of parabolic differen- 

tial e q u a t i o n s  and  examine whether  o b s e r v a b i i i t y  and  n - m o d e  o b s e r v a b l l l t y  are  

gener ic ,  dense, or not in the space of measurement. 

2. P r e l i m i n a r y  c o n s i d e r a t i o n  

This  s e c t i o n  d e p e n d s  mainly  on  S a k a w a  [4].  LeL D b e  a n  o p e n  b o u n d e d  r e g i o n  

in n - d i m e n s i o n a l  E u c l i d e a n  s p a c e  IR n ( n  >0)  with  a smooth  b o u n d a r y  0l). Then  we 

consider the fol lowing system: 

O~J.. 
( t , z )  = A u ( t , z )  ( t , z ) E ( o , r ) X D  (1) 

Ot 

n Oz 
A = A - %  = ~ta-~'~ - % , =  

ClU ( t , ~ ) + ( 1 - - C l ) - ~ - ( t , ~ )  = 0 

O . < c t < l  

(z) 

w h e r e  aq is a r e a l  c o n s t a n t  o r  a n  a n a l y t i c  f u n c t i o n ,  c I is  a r e a l  c o n s t a n t ,  and  u is 

t h e  e x t e r i o r  n o r m a l  to  t h e  b o u n d a r y  01). 

We a s s u m e  t h e  in i t i a l  c o n d i t i o n  to  b e  

u ( O , z )  = u o ( z )  z e b  (4) 

(t, 0 e(0. P) xOD (3) 


