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A b s t r a c t  

This paper  is devoted to the  character iza t ion of the t racking propcr ty  connect ing  solutions to 
two differential inclusions or control  systems th rough  an observat ion m a p  derived from the viabil i ty 
thcorcm. The  t racking proper ty  holds t rue if and  only if the  dynamics  of the two systems aud 
the contingcnt  derivat ive of the  obscrvat ion m ap  satisfy a gcncralizcd oar t ia l  diffcrcntiM cquatiou,  
called tile contingent differential inclusion. This  cont ingent  differential inclusion is then used in 
several ways. For itxstanec, knowing the dynmnies  of tile two systems,  cons t ruc t  the  observation 
map or, knowing the  dynmnics  of one system and  the observat ion map,  derive dynamics  of tim 
other system (trackers)  which are solutions to the  cont ingent  differential inclu.~ion. 

It is ~dso slmwn tha t  the  t racking problem provides a na tu ra l  f ramework to t rea t  issues such as 
the zero dynamics,  decentral izat ion,  and  hierarchical  decomposit ion.  

Introduction 
Consider two finite d imensional  vector-spaces X and  Y, two set-valued maps  F : X × Y ---* X ,  

G : X x Y "-+ Y and  the  system of differential incln.~ions 

{ '(t) e F(z(t),y(tl) 
v'(0 e c(~(0,y(0)  

We fi tr ther  in t roduce  a set-valued m ap  H : X -,-* Y, regarded as an  observation map. 
Wc devote this  paper  to anany issues related to the  following tracking property: for ew.ry 

z0 e Dora(H)  and  every Y0 E H(x0) ,  there exist solutions (z( .) ,  y(.)) to the sys tem of differential 
inclusions such t ha t  

V t >_ O, y(t) C H ( x ( t ) )  

Thc  answer to this  quest ion is a solution to a viability problem, since we actual ly look for a 
solution (x(-), y(.)) wlfich remains  viable in the  g raph  of the  observat ion nmp  H. So, if the  set- 
wducd mal)S F mad G arc Peano I maps  and  if tlm gral)h of H is closed, the Viabil i ty  Theorem 
states thaL the t racking proper ty  is equivalent to the  fact tha t  the g raph  of H is a viabil i ty donanin 
,,r (~., u) --~ F(~, v) x c(x, u). 

Recalling that the g raph  of the  eoz~tingent derivat ive D H (x , y )  of H at  a poin t  (x ,y )  of it, s 
graph is the cont ingent  cone 2 to the  g raph  of I t  at  (x ,y) ,  the t racking proper ty  is then  equivah:nt 
to the contingent differential incluaion 

V (x ,y)  6 G r a p h ( H ) ,  C(x,y)[q D H ( x , y ) ( F ( x , y ) )  # O 

*A set-valued map is called Pcano if its graph is nonempty and closed, its values arc convcx and its growth linear. 
~'i'hc contingent cone TK(x ) to asubset K at x 6 K is the closed cone ofdlrections v 6 X such that lim,~-o+ dK(x+ 

hv)/h = 0. It is equal to X when x belongs to the interior of K, coincides with the tangent space when K is smooth 
and to the tangent cone of convex analysis when K is convex. We say that K if sleek at x is y ~ TK(y) is lower 
scmiconfinuous at x. In this case, the contingent cone 7)¢(x) is convex. Convex sub~ts are sleek. 

If (x., y) belongs to the graph of a sebvalued map H : X -,.* Y, the conlingcnl dcrivalWe DH(x, y) of H at (x, y) is 
the set-valued map from X to Y defined by 

Gral,h(DH(x,y)) := TGral,h(n)(z,y) 



We observe that  when F and G are single-valued maps f and g and H is a differentiable 
single-valued map  h, the contingent differential inclusion boils down to the more familiar system 
of flr~-ordcr partial differential equation~ a 

Oh"~i fi(x, h( x) ) V j = 1 , . . . , m ,  - g j ( x , h ( x ) )  = 0 
i = I  

Since the contingent differential inclusion links the three da ta  F ,  G and H,  we can use it in 
three different ways: 

1. - -  Knowing F and H,  find G or selections g of G such that  the tracking property holds 
(observation problem) 

2. - -  Knowing G (regarded as an ezosystem, following Byrnes-Isidori 's terminology) and H,  
find F or selections of f of F such that  the tracking property holds (tracking problem) 

3. - -  Knowing F and G, find observation maps H satisfying the tracking property, i.e., solve 
the above contingent differential inclusion. 

Furthermore,  we can address other questions such as: 
a) ~ Find the largest solution to the contingent differential inclusion (which ~hcn, contains 

all the other  ones if any) 
b) - -  Find single-vMued solutions h to the contingent differential inclusion wlfich then 

becomes 
V x • If, 0 • Dh(x)(F(x,  h(x))) - G(x, h(x)) 

In this case, the tracking property states that there exists a solution to the "reduced" diffcrcniial 
inclusion 

x'(t) E F(x(t) ,h(x(t)))  

so that  (x(.), y(.) :=  h(x(.))) is a solution to the initial system of differential inclusions starting at 
(so, h(xo)). Knowing h allows to divide the system by half, so to speak. 

The  observation and the tracking problems are the two sides of the same coin because the 
set-valued map H and its inverse play the same roles whenever wc regard a single-valued map as 
a set-valued map characterized by its graph. 

Consider then the observation problem: the idea is to observe solutions of a system x' • F(x,  y) 
by a system y' • G(x, y) where G : Y ---, Y describes simpler dynamics: equilibria, uniform 
movement,  exponential  growth, periodic solutions, etc. This would ,allow to observe complex 
systems 4 x' • F(x)  in high dimensional spaces X by simpler systems y' E G(y) or cvcn better, 
y' = g(y), in low dimension spaces. We can think of H as an observation map, nmdc of a small 
number  of ~ensors taking into account uncertainty or lack of precision. 

For instance, when G -= 0, we obtain constant observations. Observation maps H such that 
F(x) 13 DH(x,y)- l (O)  ~: 0 for all y e H(x)  provide solutions satisfying 

Vt  _> O, x(t) e H-'(yo)  where yn E H(xo) 

In other  words, inverse images H-*(yo) are closed viability domains s of F. Viewed through such 
an observation map, the system appears in equilibrium. 

aFor special types of systems of differential equations, the graph of such a map h (satisfying additional properties) 
is called a center manifold. Theorems providing tile existence of local center manifolds have been widely used for the 
study of stability near an equilibrium and in control theory. 

4We can use this tracking property as a mathematical metaphor to model the concept of .... metaphors in 
epistemology. Tile simpler system (the model) y~ E G(y) is designed to provide explanations of the evolution of the 
unknown system z t E F(z) and the tracking property means that the metaphor H is valid (non falsifiable). Evolution 
of knowledge amounts to "increase" the observation space Y and to modify the system G (replace the model) and/or 
the observation map H (obtain more experimental data), checking that the tracking property (the validity or the 
consistency of the metaphor) is maintained. 

SWhen Y := It, such maps can be called "prime integrals" (or "energy functions") ofF, because when both F := f 
and II := h are single-valued, we nnd the usual condition h'(x) - f(x) = 0. 


