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This paper deals with the selection of an initial distribution in the first boundary-value
problem for the heat equation in a given domain [0,0] x 1, @ < co with zero values on its
boundary S so that the deviation of the respective solution from a given distribution would
not exceed a preassigned value 4 > 0. The result is formulated here in terms of the “theory of
guaranteed estimation” for noninvertible evolutionary systems. It also allows an interpreta-
tion in terms of regularization methods for ill-posed inverse problems and in particular, in

terms of the quasiinvertibility techniques of J.-L. Lions and R. Lattes.

1. The Problem.

Assume §? to be a compact domain in R™ with a smooth boundary S; 0 > 0, 4 > 0 to be
given numbers, functions y(¢,z), 2(z)(R x R® — RY), (R® — R!) to be given and such that
y("') € L2([0:0] X n)» z() € L2(n)'

Denote v = u(t,z; w(-)) to be the solution to the boundary value problem

%-—Auzo, 0<t<0, (1)

4jogxs=0,
uli—o =w(),

Also denote

[
Hw() =a .(l; {x (u(tz; w()) — y(t,2))%dzdt + (2)
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witha >0,82> 0.
Consider the following problem: among the possible initial distributions w(-)€L4(0)
specify a distribution ©%(-) that ensures

() <. (3)

The latter is an inverse problem [1}. With o = 0 it was studied by J.-L. Lions and R.
Lattes within the framework of the method of “quasiinvertibility” [2]. Numerical stability

was ensured in this approach.

Let us now transform the previous problem into the following: among the distributions
w(+) € L,(€1) determine the sct W'(-) = {w"(-)} of all those distributions w"(+) that yield the

inequality
Jw'() <.

Assuming that the problem is solvable (W’(-) # ¢) we may describe its solution in terms
of the theory of “guaranteed observation” [3]. Namely, assume y(¢,z), 2(z) to be the available

measurements of the process (1), so that
v(t,z) = u(t,z; w()) + £(t,2) (4)
(2) = (0,23 w()) + o(2)
0<t<0, zen
where £(t,z), o(z) stand for the measurement notse which is unknown in advance but bounded

by the restriction

a

(=3 Y

[ €(t,z) dzdt + B [ o*(z)dz < 7. (5)
2 0

Then W'(-) will be precisely the set of all initial states of system (1) consistent with
measurements y(t,z), z(z) (4) and with restriction (5).

The aim of this paper will be to describe some stable schemes of calculating the sets
W*(-) and their gpecific elements. (A direct calculation of these may obviously lead to

unstable numerical procedures.)



