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Sometimes in appears to be useful to consider the Euler characte-
ristic as a (finitely-additive) measure and, in pvarticular, to intec-
rate with respect to it. The following notes are gathered to justify

this point of view.

GEWEPALITIES

1. Integration with respect to a finitely-aaditive measure.

Let X be a set, OK a c¢ollection of subsets of X closed with
respect to be operations of (finite) union and (finite) intersection.
Let R pe a commutative ring and /M.:CK-__*' R a function with the

property

AlAUB=a (A + (B = u (A B)
for A,B € @ . Let ?(X,OC,/U/) denote the rinc of £finite R -1i-

near combinations of characteristic functions of elements of L . It
is not difficult to prove the following assertion.

1A. For any Be UL there is a well defined functional
FX@m)—R:F— [ Ha)dulx)  wie J Mz dp(x) =
=T haplha®) e =52, 4,. ’

<. Inteqration with respect to Euler characteristic.

Below the construction of Section 1 is applied in the following
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more specialized situations: X is a topological space, each element
Aed has a well defined Euler characteristic A(A). Below ele~
ments of (I are called tame sets . Ve take R =/ and

/LL = Xz and abbreviate ?(X,(/{,Z) to {;(x\} . Thus on (})(X) we
have a well defined integration-operation which assigns to a func-

tion {- = Z }\’A 'ﬂ,\ and a set B € a the number
Aelt

o U@ dXz) =X A, L(ha B)

The basic example of such a situation: X a projective algeb-~
raic variety over [R or (I: ; (]L an algebra of closed semi-algeb~-

raic sets.

3. Fubini theorem and Riemann-Hurwitz theorem.

Another fundamental property of the Euler characteristic is its

multiplicativity: AIAXY)=KXIX)ULY) . 1t implies tnat it —B

is a locally-trivial fibration with fibre F  then YE)=LBYXIF)
To use and extend this property let us introduce the following

notion. Let X and Y be spaces with algebras (L ana & of tame

sets. Amap Y1 X — Y  is said to be t a m e (with respect to

(I and fo ) if (i) tp”(%)e (I  for any %/e§/ and (ii) for any

AQ OK there exist SOC‘-S1 ... with SL € gé‘ such that the maps
¢ St\ S{;{)ﬂ A — 51,\ 84;.4

defined by Y are locally-trivial fibrations.

It is well known that any regular map of a real algebraic vari=-
ety to another one is tame with respect to the algebras of closed
semi~alqgebraic sets.

The following theorem obviously follows from the multiplicativi=
ty propertyl of X stated above and extends it.

3.A. (Fubini-type theorem). If {; X —:—Yis a tare map and

—

{ € T(x\) then



