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There exist many ways to define equivalently (cryptomorphically) the concept of 

matroid (in his "Matroid Theory", D.J.A. Welsh writes: "Deciding which set of axioms 

would be the most natural to start with was difficult"). In this note I show a deep 

symmetry between these axiomatizations: in this symmetry the family of bases has a 

central role; it is possible to define recursively new families of sets which axio- 

matize cryptomorphically the concept of matroid. 

A matroid is an ordered pair (S,I), where $#~ is a finite set, and I is a collec- 

tion of subsets of g such that: 

il) Ii~ 7, I2~_I I --+ I2E l; (7 is a descending family of subsets of S); 

i2) I # @; 

i3) V ll,12e l,llll <I121, Nxsl2-11: I I U x E I. 

The subsets in I are called independent sets. If A~S, the maximal independent sets 

contained in A have the same cardinality. Hence, we can define the rank of a subset A 

as follows: 

r(A):= max{II[;l~A , IE l}; 

the rank satisfies the following conditions: 

rl) r(~) = O ; 

r2) r(A) < r(A Ux) _< r(A)+l; 

r3) r(AUx) = r(AUy) = r(A) ~ r(AUxUy) = r(A). 

We have I ~ I = ~ r(1) = III . 

The family of bases is the collection 

S:={B~ liB maximal}. 

The family B has the following properties: 

bl) BI,B2 C B,BI~--B2---+ BI=B2 ; (B is an antiehain of subsets of S); 

b2) B # ~ ; 

b3) VBI,B2 ~ ~, Vx~BI ~YcB2: (BI-X) U yc B (exchange axiom). 

The bases have obviously the same cardinality, wNich is defined to be the rank of 

the matroid. 

The independent sets are precisely all subsets of bases: 

l={l~_ S] 2B ~ TJ:I~_B}. 
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The family of spanning sets is the collection of all supersets of bases: 

O:={o~s I HB~ B:I~B}; 

the family G has the following properties: 

gl) G 1 ¢G,G2~GI--+ G 2 ~ G; (G is an ascending family of subsets of S); 

g2) G # ~; 

g3) VG1,G2~O, ICII>IG2!,~x~GI-G2: Gl-X~G. 
The bases are precisely the minimal spanning sets: 

B={GsG I G minimal}. 

Dependent sets are the subsets of S which are not independent sets; the family 

of all dependent sets satisfies the following properties: 

dl) D 1 e N,D2~DI---~ D 2 s 9; (P is an ascending family of subsets of S); 

d2) ~ ~ P; 

d3) VDI,D 2 ED: DIN D 2 ~ D---~V xE S: DIU D2-x E ~. 

The minimal dependent sets are called circuits; the family g of all circuits satis 

fies the following properties: 

cl) CI,C 2 e C, CI~ C2---~CI=C2 ; (C is an antichain of subsets of S); 

c2) ~ ~ C; 

c3) VCI,C 2 e C, CI#C2, Vxe S NC 3 E C: C3~C IU C2-x. 

Dependent sets are precisely all supersets of circuits: 

D={D~S I ~ceC: C~D}. 
A subset A is called a closed set if V x £ A: r(A U x)=r(A)+l; a/maximal closed set 

different from S is called a hyperplav, ze. The family H of all hyperplanes satisfies 

the following properties: 

hl) HI,H 2 ~ H, HI~H2--+ HI=H2; (H is an antichain of subsets of S); 

h2) S £ H; 

h3) V HI,H 2 e~, HI~ H2, Vxe S ~H 3 e~: H 3~(H INH 2)U x. 

Circuits, dependent sets, independent sets, bases, spanning sets and hyperplanes 

can be used equivalently to axiomatize matroids: their respective axiom systems are 

given by the properties listed above. Now, we have three antichain of subsets of S, 

namely C, B, H, two acsending families of subsets of S, namely 9, G, and only one 

descending family of subsets of S, namely I. 

Now, the situation is the following: 

C: circuits, or minimal dependent sets; 

9: dependent sets, or supersets of circuits, or non-independent sets; 

I: independent sets, or non-dependent sets, or subsets of bases; 

B: bases, or maximal independent sets, or minimal spanning sets; 

G: spanning sets, or supersets of bases. 

What about hyperplanes and subsets of hyperplanes? It has been shown (M.Barnabei, 

G.Nicoletti: Axiomatizing Matroids by Means of the Set of Non-Generators, to appear 


