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We consider the general abstract convex program 

(P) minimize [(x), subject to g(x) E - S, 

where f is an extended convex functional on X, g : X ~ Y is S-convex, S is a closed convex 
cone and X and Y are topological linear spaces. We present primal and dual characterizations 
for (P). These characterizations are derived by reducing the problem to a standard Lagrange 
multiplier problem. Examples given include operator constrained problems as well as semi- 
infinite programming problems. 
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1. Introduction 

We cons ider  the abs t rac t  convex  p rogram 

minimize  [ (x) ,  
(P) 

subjec t  to g ( x )  E - S ,  

where  f : X ~ R U {oo} is convex ,  g : X -~ Y, X and Y are real  locally c o n v e x  

(Hausdorff )  spaces ,  S is a c losed c o n v e x  cone  and g is S -convex .  Recent ly  

Ben-Israel  et al. [3] have presen ted  a charac ter iza t ion  of  opt imali ty ,  wi thout  a 

cons t ra in t  qualif ication,  in the case  that  the cons t ra in t  g is g iven by  the finite 

number  of  rea l -valued const ra in ts  g k ( x ) < - O ,  k = 1 . . . . .  m.  T h e y  relied heavi ly on 

the convex i ty  proper t ies  of  the func t ions  and, in part icular,  they  used the cone  

of  direct ions o f  c o n s t a n c y  of  the ' equa l i ty '  constra ints  (see e.g. Abrams  and 
Kerzne r  [1]). 

M a n y  people  have  cons idered  opt imal i ty  criteria for  the abs t rac t  p rogram (P) 

(see e.g. H o l m e s  [14], K u r c y u s z  [15], Z o w e  and K u r c y u s z  [25], Luenbe rge r  [16] 

and Neus t ad t  [17] and the re fe rences  therein).  Their  cri teria required a cons t ra in t  
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qualification. Craven and Zlobec [8] have extended the work in [3] in order to get 
a characterization of optimality for (P) that does not require any constraint 
qualification. They, however, required the following assumptions: (i) the cone S 

has nonempty interior (this automatically guarantees that the dual cone has a 
compact base; thus, when they choose a compact subset of the dual cone, they 
might as well choose a base); (ii) the feasible set contains a relative radial (core) 
point; (iii) continuity and differentiability properties; and (iv) the infimum is 
attained. They also used the cone of constancy of the 'equality' constraints in a 
redundant manner. 

In this paper we give a characterization which avoids the above-mentioned 
assumptions. Rather than attempt to extend the results in [3], our results are 
based on reducing (P) so as to be able to apply the 'Standard Lagrange Multiplier 
theorem'. We then give two classes of optimality criteria. 

The organization of the paper is as follows. Section 2 presents several 
preliminary definitions and results. In particular, Lemma 2.2 finds a 'Slater point' 
for any compact subset of the 'nonequality' constraints; Lemma 2.3 and Corol- 
lary 2.1 characterize the existence of a compact base and Slater's condition; and 
Lemma 2.5 gives a dual relationship between the cone of subgradients and the 
linearizing cone. 

Section 3 presents the 'Standard Lagrange Multiplier theorem' for program (P) 
with the added constraint x E O, where 12 is a convex subset of X (see Theorem 
3.1). Several different types of optimality criteria are given. These criteria use 
directional derivatives, subgradients and the Lagrangian function. 

Section 4 presents the complete characterization of optimality without any 
constraint qualification (see Theorem 4.1 and Corollary 4.1). These results are 
derived using the results in Section 3. Several corollaries are also given, 
including the result which leads to the BBZ conditions [3], (see Corollary 4.2 and 
the following remarks). 

Section 5 contains several examples and applications which illustrate the 
theory developed in the first four sections. 

2. Preliminaries 

In this section we present some preliminary definitions and results needed in 
the sequel. We consider the convex program 

(P) 
minimize /(x),  

subject to g(x )  ~ - S, 

where [ : X  ~ R  U {oo} is convex, g : X  ~ Y,  X and Y are real locally convex 
(Hausdorff) spaces, S is a closed convex cone in Y and g is S-convex, i.e. 
S + S C S, AS C S for all positive ~ and for all x, y in X, 


