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Abstract. Families of Perelomov coherent states are defined axiomatically in the context
of unitary representations of Hopf algebras. A global geometric picture involving locally
trivial noncommutative fibre bundles is involved in the construction. If, in addition, the
Hopf algebra has a left Haar integral, then a formula for noncommutative resolution of
identity in terms of the family of coherent states holds. Examples come from quantum
groups.
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Perelomov’s construction of coherent states [20,21] here extended to a class of
Hopf algebras, classically goes as follows: given a real Lie group G, and a uni-
tary irreducible representation 7 :G — AutV on a complex Hilbert space V, fix a
vector vg in V with projective isotropy subgroup H C G (i.e. h€ H iff hvg equals
vo up to a constant phase). There is a unitary character x : H — S! such that
hvg = x(h)vy for each he€ H. For G compact, the representation 7 extends to a
representation of the complexification G of G.

A family of Perelomov coherent vectors in V is a family of vectors {C(u),u €
G/H}, such that C([g])=T(g)vy up to a phase. Coherent states are projective clas-
ses (rays) of coherent vectors, but in practice one often says “coherent states” for
both notions. If V is constructed by the method of geometric quantization, i.e. as
the space of holomorphic sections I'L of the corresponding quantization line bun-
dle L over G/H, then the coherent vectors may be defined invariantly in terms of
that line bundle [22]. For G a compact form of a semisimple Lie group GC, the
details are in Sect. 3 below.

Hopf algebras appear in physics as symmetries of noncommutative and quantum
spaces [6,15-18,37]. Algebra O(G) =T'Og of regular functions on affine alge-
braic group G are commutative examples of Hopf algebras [11] with coproduct
A:O(G)— O(G)RO(G)=O(G x G) given by (Af)(g1,g2)=f(g1-g2). In fact, the
category of commutative Hopf algebras is antiequivalent to the category of affine
group schemes [11,26]. Hence, the noncommutative Hopf algebras are thought of
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as (duals to) noncommutative affine group schemes ([8,26]; drawback: ® is not
a categorical product of noncommutative rings). Actions of affine group schemes
generalize then to the coactions of Hopf algebras, which can furthermore be
“structure groups” of noncommutative fibre bundles. The total space of such a
bundle is either a single algebra (affine case) or a more complicated system of
algebras or categories with gluing or localizing mechanism to pass between global
and local description. Noncommutative fibre bundles with coacting Hopf alge-
bras playing the role of a structure group first appeared in now classical work on
smash products and Hopf—Galois extensions.

Then, H-J. Schneider introduced in [27] a crucial descent theorem support-
ing the geometric torsor intuition for faithfully flat Hopf—Galois extensions. In
a study of noncommutative algebras equipped with differential calculi, Majid
and Brzezinski [5] discovered a remarkable condition on differential calculi which
enters the natural definition of principal bundles in that case. The coherent states
on noncommutative projective homogeneous spaces, exhibited in the present work,
seem to need a bundle theory extended in a different direction. To this aim,
the present author has extended the concepts of Zariski locally trivial principal
fibre bundles ([28,29, Skoda, Z. in Quantum bundles using coactions and local-
ization, in preparation], and [33], Part I) to the setup where both total and base
space are noncommutative (described locally by noncommutative algebras) and not
necessarily affine.

Every complex semisimple Lie group G is an affine algebraic C-group, and
G® — G©/B is an algebraic principal fibration Zariski locally trivialized in a
cover by shifts by action of Weyl group W of the main Bruhat cell [11].
Noncommutative analogues of such fibrations, derived from quantum matrix
groups G,, are recently exhibited [28,29]. The fibrations trivialize in coaction-
compatible Ore localizations S, lgq labeled by the elements w of the Weyl
group W. The trivializations are explicitly computed using an elaborate Ansatz
involving ¢-w-Gauss decompositions ([29], Theorems 9-12; proofs in [28] and
[33], II).

In noncommutative case, it is not appropriate to seek for individual coherent
vectors or rays in representation space V. A family of coherent vectors C should
be a section of a noncommutative bundle V ® L, over a noncommutative “coset”
space X “parametrizing would-be individual” coherent states, where the fiber V =
Vy=TLy =IndgCX is an analogue of a holomorphically induced representation
space, x is an analogue of a character of the inducing subgroup B and L, is
an analogue of the Borel-Weil line bundle. Our noncommutative coset spaces are
patched from charts. Local descriptions of X and C in different covers by charts
are naturally equivalent. Earlier studies of coherent states for quantum groups [14,
25] used computations in a single local chart. One of our goals was to show
that states locally computed in [25] may be defined a priori, regardless coordi-
nate choices. The main goal was to find a resolution of unity in terms of coherent
states of compact quantum groups.



